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Abstract

General properties of convergence in distribution for fuzzy random variables are studied as regards its interplay with the structure
of the space of fuzzy sets. In particular, its behaviour with respect to taking tuples of fuzzy random variables, adding, multiplying by
a scalar, taking the union, preserving inclusion ordering, and subsuming convergence in distribution of random sets is established.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

By a result of Kritschmer (see Proposition 2.2 below), fuzzy random variables can be seen as random elements of
a space formed by generalized fuzzy numbers and endowed with the separable L?-type metric d,,, for any p € [1, 00).
That means that fuzzy random variables are amenable to the methods of probability in metric spaces [7,19] and in
particular convergence in distribution can be defined via weak convergence of the induced probability measures. This
definition does not rely on cumulative distribution functions (while being equivalent to the ordinary definition in R%)
and so can be applied in more general spaces.

In recent papers [1,2] we have studied some properties of fuzzy random variables under that kind of conver-
gence, like a Skorokhod theorem and several applications (continuous mapping theorem, Vitali convergence theorem,
dominated convergence theorem, existence of extensions, perfect distributions). We have also shown that it behaves
adequately with respect to some aspects of the structure of spaces of fuzzy sets [3], as will be described in Section 3.

In this paper, we undertake a more systematic study of its properties. First we will study ‘vectors’ or tuples of fuzzy
random variables, which will be needed for the subsequent work. Indeed, if we want to study the joint convergence
in distribution of two (or several) fuzzy random variables, the joint distribution is defined on a Cartesian product of
spaces of fuzzy sets to which known results for fuzzy random variables cannot be immediately applied. We need
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to establish that the joint object (X, Y) can meaningfully be identified with its (fuzzy) Cartesian product X x Y,
that this defines a fuzzy random variable in a space of fuzzy sets of higher dimension, and that joint convergence
(X, Yn) = (X, Y) is consistent with convergence X,, x ¥;; — X x Y in that larger space.

Then we will study the relationships between convergence in distribution and the operations of sum, product by
a scalar, and union. The intersection of two fuzzy sets can be non-normal while the dj,-metrics are only defined
for normal fuzzy sets, whence we only consider the union. To mention a representative example, we will show that
(X5, Yn) = (X, Y) in distribution implies X, + Y,, — X + Y in distribution, with analogous results for the other two
operations. From them, we will obtain a version of the Slutski theorem for fuzzy random variables. This is a basic
convergence result which, loosely speaking, states that a slight perturbation of a convergent sequence still converges
(it is used to prove, for instance, that Student’s t-statistic is asymptotically normal).

We will also study the relationships with the inclusion between fuzzy sets. For random variables, convergence in
distribution is too weak to have nice order-preserving properties: if a sequence converges to a normal distribution X
with zero mean, since —X is identically distributed to X it will also be a limit in distribution of the sequence but the
transformation x > —x reverses the order. The same happens with the inclusion order here. We will show though
that X,, C U for all n, and X,, — X in distribution, imply X C U for a fixed fuzzy set U, and that convergence in
probability is strong enough to let us replace U by a fuzzy random variable Y.

It will be established that convergence in distribution of random (compact convex) sets is consistent with that of
their indicator functions when regarded as fuzzy random variables. Finally, we show that convergence in distribution
can be characterized using d,-continuous transformations from fuzzy sets to fuzzy sets.

The structure of the paper is as follows. Sections 2 and 3 contain the preliminaries and recap prior results on
convergence in distribution. In Section 4, the connection with Cartesian products is studied. Section 5 is devoted to the
relationships with the operations between fuzzy sets, while the results about inclusion, random sets and d,-continuous
mappings are in Section 6. The paper concludes with some final remarks in Section 8.

2. Preliminaries

Let E be a topological space. We denote by By its Borel o -algebra, i.e., the o -algebra generated by its open sets. A
Borel measurable mapping with values in [E will be generally called a random element of |E. We will denote (2, A, P)
the general probability space where the random elements are defined. The Lebesgue measure in [0, 1] will be denoted
by £. The indicator function of a set K € R? will be denoted by Ik, and its closure by cl K. Denote by B the closed
unit ball in R<.

Let X,, X be random elements in a topological space E. Then {X,}, converges weakly to X if E[f(X,)] —
E[f(X)] for every continuous bounded function f : E — R (see [7, Chapter 1] for more details).

A topological space E is Polish if its topology is generated by some complete separable metric, Lusin if it is the
continuous image of a Polish space by a bijective mapping and Suslin if it is the continuous image of a Polish space.
A probability measure is Radon if P(A) = supg4 P(K) where K ranges over compact sets. Hence a topological
space E is Radon if every probability measure P in |E is a Radon measure.

Let KC(R9) be the space of all non-empty compact subsets of R¢ and consider its subspace K. (R¢), which contains
all non-empty compact convex subsets of R.

The Hausdorff metric in KC(R?) is defined by

dp (K, L) = max{sup inf |[x — y||, sup inf |lx — y|[}
xeK YEL yeL' X€K
=inf{fe >0: K CL+¢B,LC K +¢B}.
The norm or magnitude of K is
K|l =du (K, {0}).
The Hausdorff metric has the following property in the space /. (R9).
Lemma 2.1. Let K € K.(R?) and a, b € R. Then

dp(aK,bK) <la—D|-|IK].
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Proof. It is immediate if a = 0 or b = 0. Without loss of generality, assume a > b. If b > 0,

dp(aK,bK) =dy((a—b)K +bK,bK) <dy((a —D)K,{0}) = |a — b|||K|.
since dy is translation invariant in /C.(R?). If both @ and b are negative, we can apply the same reasoning. Next, if
a > 0and b <0 we have

du(aK,bK) <dp(akK,{0}) +du ({0}, bK)

=allK|+ (DK =(a—-DIKI| <la—blIKI. O

A mapping X : Q — K. (R9) is a random set (also a random compact convex set in the literature) if X is measurable
with respect to the Borel o -algebra By (ra) generated by the topology of the Hausdorff metric.

Denote by 77 the Fell topology in the space of non-empty closed subsets of R?. It is defined by its subbase formed
by all sets of closed sets having the form {A: AN K =@} or {A: AN G # ¥}, where K and G are respectively
compact and open.

Let F(R?) be the space of functions (fuzzy sets) U : R4 — [0, 1] whose a-cuts (« € [0, 1]) are in K(R?). Let
Fo(R9) be the space of fuzzy subsets of R, i.e., functions U : R — [0, 1] whose a-cuts (« € [0, 1]) are in . (R9).

Recall that the «-cuts of a fuzzy set U are

Uy={xeR: U(x)>a}
for each « € (0, 1], and Uy denotes the closure of its support.
Consider the space

l/p
FepRY ={U R - [0, 1]: Uy € Kc(RY) Ve € (0, 1], / (dy (Ug, {0M))? da < 00}.
0,11
For each p € [1, 00), the metric d), in fc,p(Rd) and F(R?), is defined by
1/p
dp(U,V)= / (dn (U, Vo))? da
0,1]

By [16, Corollary 3.3], (fc,p(li&\d), dp) is complete and separable and is a completion of (Fe(RY), dp).
The norm of a fuzzy set U € (.FC,,,(Rd), dp) is

U, =dpU, Lioy).

A mapping X : Q — F.(R?) is called a fuzzy random variable if, for each « € [0, 1], the a-cut mapping X, :
Q — K.(R?) defined by Xy (w) = (X (w))y for each w € Q2 is a random set (see [20]). Within this paper, we will
identify fuzzy random variables with random elements of F.(R¢), using the following result [15, Theorem 6.6.(i),
part (iii) < (iv)].!

Proposition 2.2. (Kritschmer) Let p € [1, 00). A mapping X : Q@ — F.(R?) is a fuzzy random variable if and only if
it is a random element of the space (F.(R?), dp).

We will denote by o the natural o -algebra in F.(R?) with which a mapping is a fuzzy random variable if and only
if it is measurable, i.e., the smallest o -algebra that makes the mappings U € F. (RY) +— U, € K.(R?) measurable.
Thus o is the Borel o -algebra induced by the metric d), in (R9), for each p ell,00).

1 Notice that part (iv) of that result considers mappings with values in the larger space F (]Rd ) instead of fc(Rd). Thus our definition demands
measurability of each level mapping X, as a random set with compact convex values while part (iv) considers just compact values. Both are well
known to be equivalent since the space of compact convex sets is closed (in the Hausdorff metric) in the space of compact sets.
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A fuzzy random variable X is called integrably bounded if E[|| Xo||] < oo. Then the expectation of X is the unique
fuzzy set E[X] € ]—"C(Rd ) such that

(E[XDa = EalXq]
for each «a € [0, 1] (see [20]), where
EAlXol={E[f]: f:Q—R, f€ LI(Q,.A, P), f € Xy P-as.}

is the Aumann expectation of X, which is a compact convex set.
A sequence of probability measures { P,}, on oy is said to converge weakly in d,, to a probability measure P if

/fdP,,—)[fdP

for every f : F.(RY) — R which is dp-continuous and bounded. More generally, let (E, d) be a metric space and
let X,,, X be random elements in [E. Then X,, converges weakly to X if E[ f(X,)] = E[f(X)] for every continuous
bounded function f: E — R.

Lemma 2.3. [7, Theorem 2.1] Let & be a metric space, P a probability measure and { P,}, a sequence of probabilities
in (E, Bg). Then the following conditions are equivalent:

e P, — P weakly,
e For every open set G we have liminf,,_,» P,(G) > P(G),
e For every closed set F we have limsup,,_, ., P,(F) < P(F).

A sequence {X,,}, of fuzzy random variables converges in distribution in d, to a fuzzy random variable X if their
distributions Py, converge weakly to Py, or equivalently if X,, — X weakly as random elements of (F.(R%),d p).
It converges almost surely in dp to X if P(d,(X,, X) — 0) = 1. It converges in probability in d), if P(dy(X,, X) <
g) — 1 foreach ¢ > 0.

A function f between metric spaces E and I is bounded if and only if f(EE) is contained in a ball of F.

Forany U € }'C(]Rd ), denote by end U its endograph, i.e.,

endU = {(x,a) e R? x [0,1]: U(x) > a}.

In [11], the following results are proven in a more general setting including the space F.(R¢), where we will
enunciate them for simplicity.

Theorem 6.4, (i) < (ii) in [11] establishes a relationship between convergence of a-cuts of a sequence of fuzzy
sets and convergence of their endographs.

Lemma 2.4. Let U,,U € ]-'C(IRd) such that (Uy,), Uy are bounded sets for each o € (0,1]. Then dy(endU,
endU,) — O ifand only if dg (Uy, (Up)q) — 0 for almost every a € (0, 1).

Next, [11, Theorem 6.6] states that convergence in d), is stronger than convergence of endographs of fuzzy sets.
Lemma 2.5. Let U,,, U € F,(R%). Ifd,(U,,U) — 0, then dg(end Uy, end U) — 0.

As a consequence, we establish the following result.
Corollary 2.6. Let U, U € F.(RD. Ifd,(Uy,U) — 0, then dg (U)o, Uy) — 0 for almost every a € (0, 1).

Finally, we will state some results related to the product of fuzzy sets and the operations that will be used in
Section 4. Let U € F.(R%) and V € F.(R?) and denote by U x V e F,. (R*4") the Cartesian product given by

UxV:x,y) eRM s (U x V)(x,y) =min{U(x), V().

4
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Lemma 2.7. Let U, V € F.(R?). Then
(U X V)g=Uy x Vy.

Lemma 2.8. /5, Theorem 1.12.15, p. 66] Let K, K', L, L' € K.(R?). Then

dy(KUK',LUL") <max{dy (K, L),dy(K’', L)}

Let U,V € F.(R?). Then the union of U and V is defined as
(U UV)(x) =max{U(x), V(x)}

for every x € R9.

Lemma 2.9. Let U, V € F.(R9). Then for every a € [0, 1],
UUV)y=Uy,UV,.

3. Previous results

For the reader’s benefit, this section collects the main results obtained so far about convergence in distribution in
the d,-metrics, some of which will be used in the sequel. These results suggest that the definition of convergence in
distribution via the general theory of weak convergence of probability measures in metric spaces is viable and suitable
for fuzzy random variables, and justify the systematic study of its properties that we undertake here.

For completeness, we mention that some results exist for do, and the Skorokhod metric. Joo et al. [13] studied
several characterizations of tightness under the Skorokhod metric, which is a standard way of proving convergence
in distribution. Terdn [27, Proposition 10] presented a Skorokhod theorem in the metric do as an application of the
Skorokhod theorem in metric spaces, while Alonso de la Fuente and Terdn [2] proved Vitali convergence theorems
and dominated convergence theorems under the assumption of weak convergence.

An analogous proof to that in [1, Theorem 5.1] yields the following form of the continuous mapping theorem,
which will be used later on.

Lemma 3.1. Let (E, d) be a metric space. Let X,;, and X be fuzzy random variables such that X,, — X in distribution
indy. If f:(Fc (R%), dp) — K is a Px-almost surely continuous function, then f(X,) — f(X) in distribution in d.

In [1, Theorem 3.5], we proved a version of the Skorokhod representation theorem for fuzzy random variables in
(Fe(RY). dp).

Lemma 3.2. Let p € [1,00). Let P,, P be probability measures on oy, such that P, — P in distribution. Then there
exist fuzzy random variables X,, X : ([0, 1], Bo, 17, £) = (F¢ (Rd), dp), such that

(a) The distributions of X, and X are P, and P, respectively.
(b) X, (t) — X(t) ind) for every t € [0, 1].

The following dominated convergence theorem under the assumption of convergence in distribution appears in [,
Theorem 4.7]. More related results can be found in [2].

Lemma 3.3. Let X,, and X be integrably bounded fuzzy random variables. If X, — X in distribution in d,, and there
exists g € LI(Q, A, P) such that d,,(X,, Ijo)) < g foralln e N, then E[X,] — E[X]ind,.

Convergence in distribution can be studied by embedding the fuzzy sets into an L?-type function space [3, Theorem
1].

Theorem 3.4. Let p € [1, 00). Let X,,, X be fuzzy random variables. Then the following conditions are equivalent.

5
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1. X, — X in distribution in (F.(R9), d,).
2. sx, — sx in distribution in LP(S4~" x [0, 1], Bga-1 ® Bjo.1], » ® £),

where ) denotes the uniform probability distribution in S~

In the case of random trapezoidal fuzzy sets Tra (&1, &, &3, &€4), defined as

0 ifx <£1(0)
sz)(caj)s% if &1 (w) <x < &(w)
X(w)(x) =141 if £ (w) < x < &(w)

s T8 () <x < &)
0 if x > &4(w),

for random variables & < & < &3 < &4, convergence in distribution is equivalent to convergence in distribution of

(€1, &, &3, £4) as a random vector in R%.

Theorem 3.5. [3, Theorem 2] Let p € [1,00). Let X, be Tra(§,.1,6n.2,61.3,6n.4) where &,1 <&,2 <&,3 <&,4
are random variables, and analogously X = Tra(&1, &2, &3, &4). Then X,, — X in distribution in d, if and only if, as
random vectors in R4, n1,6n2, 803, En4) = (81,82, &3, &) in distribution.

That theorem relies on the following lemma ([3, Lemma 5]) whose proof is presented here (due to space reasons,
it was omitted in [3]).

Lemma 3.6. Let {U,}, be a sequence of trapezoidal fuzzy numbers converging to some U € j':c,l (R) in dy. Then
{IIUn)oll}n is bounded.

Proof. Reasoning by contradiction, assume {||(U,)o|l}, is not bounded. Since

[(Un)oll = max{|inf(Uy)ol, | sup(Un)ol}

we may assume without loss of generality, that {| sup(U,)ol}, is not bounded, otherwise, replace U,, by —U,,. Then
there exists a subsequence {U,/}, such that for every M > 0 there exists some N € N such that sup(U,/)g > M
whenever n’ > N. Moreover,

1Unll1 =di(Uny, 1{0}) = / dy((Up)a, {0h)da > f [sup(Up)ulda
[0,1] [0,1]

= / |l sup(Up)1 + (1 — ) sup(Up)older = / (asup(Upn)1 + (1 — &) sup(Up)o)da
[0.1] [0,1]

1
= E(Sup(Un)l + SUP(Un)O)-
Now, for V e fc,l(R) we have

WUl =di Uy, Iipy) <di(Uyn, V) +di1(V, Lioy) =d1(Uy, U) + |V 1.
Then

1
IVIii = 11Unllh —di(Un, V) > E(Sup(Un)l +sup(Up)o) — d1(Up, V).
Set
M =max{1,2|U|; — in,f(sup(Un/)l) +4)}.
n

Then there exists some Nj € N such that sup(U,/)g > M for all n > N|. Moreover, there exist N € N such that
di(U,,U) < 1foralln > N,. Let N = max{N, N>}. Then for some n’ > N,

6
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1 1
1Tl = 5 (sup(Un)1 + sup(Un)o) = di(Un', U) Z 2 (sup(Up)1 + M) — 1

1 ) 1
> E(SuP(Un’)l + 21Ul —inf(sup(Up)1) +4) — 1 = 5(+2||U||1 +4) —-1=|UlL +1,
where the last inequality uses the fact that
sup(Up)1 — infsup((Up)1) = 0.
n

Since ||U||; > ||U||1 + 1 is a contradiction, we conclude that {(U, )¢}, is bounded. O

Remark 3.1. Since the space (j-:c, p(]R{i ), dp) is complete, it is possible to assume that the limit of the sequence of
trapezoidal fuzzy numbers belongs to F p(]Rd).

As an application of Theorem 3.5, we obtained the following result relating convergence in distribution of ran-
dom variables to convergence in distribution of their indicator functions ([3, Corollary 1]). It will be subsumed by
Proposition 6.3 below which applies more generally to random sets.

Corollary 3.7. Let &,, & be random variables. Then &, — & in distribution if and only if I{s,y — I\ in distribution in
dp.

Lastly, we have [3, Proposition 1], which shows that convergence in distribution behaves nicely with respect to the
arithmetic operations of fuzzy sets. More general results will be established in Section 5.

Proposition 3.8. Let X, X be fuzzy random variables such that X, — X in distribution in d,. Then

1. Forevery U € F.(RY, we have X,, + U — X + U in distribution in dp.
2. Forevery a € R, we have aX, — aX in distribution in dp.

4. k-Tuples of fuzzy random variables

Since fuzzy random variables can take as values fuzzy subsets of R? for d > 1, usually a clear distinction between
a fuzzy random variable in R? and a d-tuple of fuzzy random variables in R is not made. By this, we mean that a
fuzzy random variable in R? may just be called a fuzzy random vector (e.g., [9]).

In the non-fuzzy case, the space R? and the Cartesian product of d copies of R are the same thing. But clearly,
Fe (Rz) is not the same thing as F.(R) x F.(R). At the intuitive level, each random element (X, Y) of F.(R) x F.(R)
can be identified canonically with an element of F.(R?) by taking the Cartesian product X x Y. That is done, for
instance, in [25, Section 5] where pairs of trapezoidal one-dimensional fuzzy data are modelled and graphically
represented by using their 2-dimensional Cartesian product.

For a finite data sample, that raises no questions. For random elements, which may take infinitely many values,
one can and should ask for a rigorous proof that the measurability of (X, Y) is the same thing as the measurability
of X x Y. And when convergence enters the picture, further questions need to be addressed as it is not self-evident
that convergence of (X, Y,) is the same thing as convergence of X, x Y,. The aim of this section is to settle those
questions satisfactorily.

To improve proof clarity, we will state the results in the way we will need to use them (for pairs of multi-
dimensional fuzzy sets) but they clearly apply in the general case of k-tuples. We will merely state the case of k-tuples
of one-dimensional fuzzy random variables which is not used in the sequel.

We will need the following theorem from the theory of standard probability spaces [19, Corollary 3.3, p. 22].

Lemma 4.1. If B is a Borel subset of a complete separable metric space E and ¢ is an injective measurable map from
B into a separable metric space IV, then ¢(B) is a Borel subset of F, and ¢ is an isomorphism between the measurable
spaces B and ¢(B) endowed with their Borel o -algebras.

The following lemma on the Hausdorff metric between products will be useful.

7
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Lemma 4.2. For every K, K', L € K, (R?) we have

dg(K xL,K'x L)=dy(K,K).

Proof. Let K, K', L € K.(R9). Then
dy(K x L,K' x L)

=max{ sup inf  Jl(x,y) = &L y)IL sup inf (x, y) = &, y)}
(x.y)e(K.L) & .y)e(K" L) (' .y)e(K' L) x-Y)EK.L)

=max{ sup , ll;lf/ ”(xv )’)—(x/, y/)”s sup inf ”(x’ y)_ (x/s y/)”}
xeK,yeL X' €K’,y'eL x'eK’,y'eL ¥€K.yeL

=max{ sup inf l(x —=x",y=y)ll, sup inf ||(x - oy =0

xeK,yeLX'€K',y'eL x'eK',y'eL ¥€K.ye
=max{ sup inf |lx —x'll, sup inf  |x —x'||}
xeK,yeL X'€K’.y'€L x'ek’,y'eLX€K,yEL

=max{sup inf |x —x'||, sup inf ||x —x'||} =dy(K,K'). O
xek, X' €K’ Y ek *€K

Consider the mapping
¢x  (FeRY) x FoRY), dinax) > (Fo R, d))
U, v)y—UxV

where dipax(U x V, U’ x V') =max{d,(U,U"),d,(V, V')}. Recall that the metric dpax induces the product topology

in F.(RY) x F.(R?). The fact that dinax is chosen plays no role (any other equivalent metric generating the product
topology would do) but the specifics of dmax Will be used in the proofs.

Theorem 4.3. The mapping ¢« is an homeomorphism onto its image and ¢ (F. (RY) x F, (Rd/)) is a measurable
subset of F.(RI*4),

Proof. (1) First, we have to see that ¢ is well defined. Let U, V € F.(R?). For every x = (x1,x2) € R4+ (where
x1 has d components and x, has d’ components),

(px (U, V))(x) = (U x V)(x) =min{U (x1), V(x2)} € [0, 1].
By Lemma 2.7,
(px U, V)a=UxV)y=Uy x V4

for each « € [0, 1]. Since U, is non-empty, U, x V, is not-empty for any « € [0, 1]. Next, the product of compact
convex sets in compact and convex.
(2) Let us show that ¢ is continuous. Let (U,, V;;) = (U, V) in dpax. First,

d]] (‘Px (Un» Vn)7 Px (Uv V)) S dp(§0>< (Um Vn)v Px (U, Vn)) + dp ((pX (U7 Vl’l)v Px (Uv V))
Next, by Lemma 2.7 and Lemma 4.2,

Ox (Un, Vi)a = (Up)a X (Vi)g-
Analogously, ¢x (U, V,)q = Uy X (V;)«. Therefore, with Lemma 2.7,

A (@x Un, Vi), ©x (U, Vi)a) =du((Un)a X (Vida, Us X (Vi)o) =da(Up)a, Uy).
Thus

1/p

dp(‘px(Un»Vn)s ox (U, Vn)) = / dy((Up)a, Ug) da =d, Uy, U).
0,1]
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Analogously, dp,(¢x (U, Vi), ox (U, V)) =dp(Vy, V). Then
dp(‘Px Un, V), ox (U, V)) < d[?(Ul’lﬂ U) +dp(vna V) < 2dmax((Un, Vi), (U, V)) — 0.

(3) We need to show that ¢ is an injective function. Let W, W’ € Fe(RY) x .FC(]Rd/), that is, W = (U, V) and
W' = (U’, V’). Consequently, ¢ (W)y = Uy X Vy and o (W) = U], x V,, for every « € [0, 1]. Provided ¢ (W) =
@x (W), then U, = U/, and Vy = V,, for every «, hence W = W',

(4) Denote by ¢ the inverse function of ¢ defined by

B (FeRITV)) > Fo(RY) x Fo(RT)
W=UxV—(U,V)

Let (W}, ={U, X Viu}n € ox (Fe (]R{‘”d,)) be a convergent sequence convergingto W =U x V.

Amax (@x (Wn), ¢x (W) = dmax((Un, Vy), (U, V)) = max{dp(Uyn, U),dp(V,, V)}
with
1/p
dp(U,U) = /[dH((Un)oquz)]pda
0,1]
Then

dH((Wn)ocv Wa) =

max { sup inf G, y) =" 900,
) EWn)a X (Vi)g K'YV x Vo

IGe, ) = &, 3D

sup inf
3 ) U x Vo N EWn)a X (Vida

Since all norms in a finite dimensional space are equivalent, there exists some constant C > 0 such that
ICGe, y) = ()11 = € -max{flx — x|, [ly = y'II} = C - [lx — x|
we have

dH((Wn)ou Wa)

> C - max( sup inf llx — x|, sup in
x,»)eUn)ax(Vy)a (x,y) €Uy x Vy (x/,y")eUy x Vy X, )€Un)a X (Vn)a

=C- dH((Un)ou Uoc)
Therefore d (U, U) < c! ~dp(Wy, W). Analogously, d,(V,, V) < c! -dp(Wy, W). In conclusion,

ll2c = x"1D)

dmax(Px (W), ¢ (W) < C™1 - dy (W, W) — 0.

(5) The measurability of ¢ (F¢ (RY) x ]-"C(Rd,)) is a consequence of Lemma 4.1. O

Remark 4.1. From the proof of Theorem 4.3, the inequalities
C - dpax (W, W) < dp(§0>< (W), <Px(W/)) <2 dpax (W, W)
hold for all W, W’ € F.(R?) x F.(RY"). Hence ¢y is a bi-Lipschitz function.

With Theorem 4.3 to hand, it is not hard to answer the questions at the beginning of this section.

Proposition 4.4. Let X, Y be mappings from a measurable space (2, A) to F.(R%) and F. (Rd/), respectively. Then
the following are equivalent.
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(i) X and Y are fuzzy random variables,
(ii) (X,Y) is a random element of the product space (F.(R%) x F(R?), dmax),
(iii) X x Y is a fuzzy random variable in R+,

Proof. For (i) = (ii), (F.(R%),d ) is a separable metric space, hence the product o-algebra in (R?) x F.(RY) is
de ®de. Therefore (X, Y) is measurable. For (ii) = (i), let 71 : F. (]Rd) X Fe (]R{d/) — ]-'C(IRd) be the projection over
the first component of the product space. Then X = ;o (X, Y). Since F.(RYY x F. (Rd,) is endowed with the product
topology, 71 i (dmax, dp)-continuous. Then, by Lemma 2.2, X is a fuzzy random variable in R, Analogously, Y is

a fuzzy random variable in R4, Next, by Theorem 4.3, ¢ is an homeomorphism, therefore the mapping X x ¥ =
¢x o (X,Y) is Borel measurable, giving (ii) = (iii). For (iii)=>(ii), recall that ¢ is also an homeomorphism by
Theorem 4.3, hence (X, Y) = ¢« o (X x Y) is Borel measurable. 0O

An alternative form of the same ideas is as follows.

Proposition 4.5. Let X1, ..., Xk be mappings from a measurable space (2, A) to F.(R). Then the following are
equivalent.
(i) X1,..., Xy are fuzzy random variables,

(ii) (X1,...,Xg) is a random element of the product space (F:(R) x ... X F¢(R), dmax), where

,,,,,

(iii) X1 X ... x X is a fuzzy random variable in R¥.

As regards convergence in distribution, notice that (X, ¥,) — (X, Y) is not equivalent to X, and Y,, converging
separately to X and Y.

Proposition 4.6. Let X,,, X, Y,, Y be fuzzy random variables. Then (X, Y,) — (X, Y) in distribution in dmax if and
only if X;, x Y, — X X Y in distribution in d.

Proof. Assume (X,,,Y,) — (X, Y) in distribution in diax. Let & : Fo(RY) x fc(Rd/) — R be a continuous bounded
mapping. Then
E[h(Xy x Yu)]l = E[(h o 9x) (X, Yn)] = E[(h o 9x)(X, V)] = E[R(X x Y)],

since h o px : Fe (]R‘Hd/) — R is continuous and bounded in d;, (by Theorem 4.3). Therefore X, x ¥, — X x Y in
distribution in diax.
For the converse, assume X, x ¥, — X x Y in distribution in d;, and let G be an open set of F. (R?) x F.(RY).

By Theorem 4.3, there exists an open set G of F.(R9T") such that ¢ (G) = G N @y (Fe(R9")). Then
liminf Py, y,)(G) = liminf(Px, v, 0 9x)(G) =liminf Px, .y, (¢x (G))
n—oo n—oo n—oo
=liminf Py, xy, (G N @y (F(R**))) =liminf Px, .y, (G).
n—oo n—oo
By Lemma 2.3,
liminf Py, x,(G) = Pxxy(G) = Pxxy (G Nex (FRIT))
= Pxxy(@x(G)) = (Pxxy 0o 9x)(G) = Pix,v)(G). O

The analogous result in the context of Proposition 4.4 is as follows.

Proposition 4.7. Let X, 1, ..., Xn k., X1, ..., Xk be fuzzy random variables in R. Then (X, 1, ..., Xp k) = (X1, ...,
Xy) in distribution in the product topology of]_[le(]:c(]R), dp)ifandonly if Xp1 X ... x Xpp—> X1 X ... x Xy in
distribution in (F,(R¥), d »)-
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In the sequel, we will use Proposition 4.6 to recast joint convergence in distribution of fuzzy random variables (i.e.,
convergence of random elements of the product space F (Rd) x Fe (Rd )) as a convergence of fuzzy random variables
taking on values in F,(R??) to which known results can directly be applied.

5. Slutski theorem

In this section, we will study the behaviour of convergence in distribution with respect to the operations of sum,
product by a scalar and union (modelled using the maximum t-conorm). The union of two elements of F, (R?) need
not be in F,.(R¥) but that will not be a problem since it is still in the sup-semilattice F(R¢), where the d p-metric is
defined. There would actually be an essential problem to consider the intersection: its 1-cut can be empty whence the
result can be out of the domain of the metric d,.

We will prove results under joint convergence of the fuzzy random variables. In combination with a general result
in [6] which states that separately convergent random elements do converge jointly provided one of the limits is
degenerate, a generalization for fuzzy random variables of the Slutski theorem will follow. In this version we will
consider the sum and product by scalars, but also the union operation which makes no sense for ordinary random
variables.

Proposition 5.1. Let {X,,},, and {Y,},, be sequences of fuzzy random variables in RY such that {(Xy, Yn)}n converges
in distribution to (X, Y) in dmax. Then X, + Y, converges in distribution ind, to X +Y.

Proof. Let ¢, be the embedding of Fe(RY) x F.(RY) into F,.(R29). By Proposition 4.6, X,, x ¥, > X x Y in
distribution in d,,. Next, define
51 (9x (FeRY) x Fe(RD), dp) > (Fe(RY), d))
UxV—=U+V

and

+ 1 (FoR?) X Fo(RY), dmax) > (Fo(RY), d)p)
u,vVym»U+V
Then s is (dj, dp)-continuous if and only if + is (dmax, dp)-continuous. Let us check that s is a continuous function.

Let Z, T : ({0, 1}, {{0, 1}, {0}, {1}, ¥}, Q) — F.(R?) be simple fuzzy random variables such that Z(0) = A1, Z(1) =
As, T(0) = By and T (1) = B, with Q being the uniform distribution in {0, 1}. By [1, Lemma 4.4],

1 1 1 1
dp(EAl + EAZ’ EBI + §B2) < E[dy(Z,T)]
1
= / dp(Z(w),T(w))dQ(w)=§~[dp(A1,B1)+dp(A2,Bz)]-
{0,1}
Then

dp(s(A1 x Az),s(By x By)) =dp(A1+ Az, By + B2) <d,(Ay, By) +d,(Az, By).

Therefore s is a continuous function. By Lemma 3.1, the sequence {X,, + Y, }, = {s(X}, Y»)}» converges in distribu-
tionto X +Yind,. O

It is clear that the assumption of separate convergence of each sequence is not sufficient, as this is already the case
for ordinary random variables and, by Corollary 3.7, one can identify a random variable £ with the fuzzy random
variable /).

We will consider the product by a scalar now. The proofs for the sum and union are similar and rely on identifying
Fo(RY) x F.(R?) with a subset of F,(R24). In this case we need to consider R x F.(R?). Although the problem can
be handled to fit the same scheme (like in Proposition 6.5 below), we will take the opportunity to use a different proof
method based on the Skorokhod theorem.
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Theorem 5.2. Let {X,,}, be a sequence of fuzzy random variables and let {£,}, be a sequence of random variables
such that {(§,, X)}n converges in distribution to (§, X). Then &, - X,, converges in distribution ind, to & - X.

Proof. Let ¥, = Is,). Let ¢x be the embedding of F.(R) x F.(R¢) into F.(RY*!). By Proposition 4.6 we have
Yy x X, — Y x X in distribution in d,,. By Lemma 3.2, there exist Z,, Z : ([0, 11, Bo,1}, €) = (F(R?*1),d,)
distributed like Y, x X, and Y x X, respectively, such that Z, — Z almost sure. Furthermore, by Theorem 4.3, the
set @y (F.(R) x Fo(R%)) is measurable. Then

U(Zy € px (Fe(R) X Fo(RY))) = P(px 0 (Xp, Yy) € o (Fe(R) x Fe(RY))) = 1.
Analogously,
UZ € px (Fe(R) x Fo(RY))) = 1.

Now, let N be a null measurable set which contains |,y {Zn ¢ ¢x (Fc(R) x Fe RNy U{Z ¢ 0y (Fe(R) x Fo(R9))).
Denote by | the projection over the first component and 7 the projection over the last d components. Next, define
the following mappings:

yin=] @ opyloZ)(t) iftgN
n Loy ifteN
-1 .
X;Z(I)I (mp 0@y o Zy)(t) ¥ft¢N
Loy ifteN
—1 .
Y/(t)= (mro@y 0Z)() ?fthN
Loy ifteN
—1 .
ron | (Mo 0Z)(t) ift¢gN
X(t)_{l{()} ifteN

Let us check that X’ is a fuzzy random variable. For any B € B F.(R4)>

X)H) "B =Nn&XH(BYUW N XHTH(B))
NUWN(Z T opx omy N (B)) € By if Loy € B
T |ouNen(ZT o gy oy N (B)) € By if Iy ¢ B-
Analogously, X, Y’ and Y, are fuzzy random variables. Next, if r € N, X, (1) = Ijoy = X'(t). If t ¢ N, X, (t) =
(10 9% 0 Z,)(1), X' (1) = (1 0 93 ' 0 Z,)(t). By the continuity of 77; o ;' and
dp(X,, (1), X'(1)) =dp((m1 0 0 0 Z) (1), (m 093t 0 Z)(1)),

we have X/ (t) — X'(¢) for every t ¢ N. Analogously, Y, (t) — Y'(t) for every t ¢ N. Then (X, Y,) converges
almost surely to (X, Y) in dpax.-
Let us show that (Y, X)) and (Y,,X,) have the same distribution. Let (A, A2) € Br,r) ® Br,rde) =
B(F. ®)x Fo(R),dma)
£({r €[0,1]: (Y,, X)) € (A1, A))}) =L({r € N°: (¥,,, X;)(1) € (A1, A)})
et e N°: (" 0 Zy)(1) € (A1, A} = L({t € [0, 11: (93" 0 Z,)(1) € (A1, A2)))
L({t €[0,1]: Z, (1) € px (A1, A2)}) = P({w € Q2 : (Y, Xu) (@) € (A1, A2)})

Then, by Proposition 4.4, (Y., X/), (Y', X") : ([0, 11, Bjo.1}, £) — Fo(R) x F.(R¢) are fuzzy random variables
such that (Y,;, X})) — (Y’, X") almost surely, £(y: x) = P(v,.x,) and £y x/y = Py, x).
Next, let us show that Y,; is an indicator function almost surely. Let

i:R— F.(R)
ar> I

By Lemma 4.1, i (R) is Borel measurable. Then
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LY'eiR) =P eR)=1.
Analogously, £(Y, € i(R)) = 1. Then let M be a null set containing | J,.n{Y, ¢ i(R)} U{Y’ ¢ i(R)}. Consider the

mappings

Cfa YO =lw¢M
’7”([)_{0 ifre M

_Ja ifY/(t)ZI{a}¢M
’7“)—{0 ifreM

Let us show that (1, X,,) has the same distribution as (§,, X,,). Let A € B, F.(Rd)- Denote by I, the identity mapping
in F.(R%). Then

C(fr €10, 11: (na, X;)(1) € AD = £({r € N° N ME 1 (02, X;)(1) € AD)

=L({r e N°NME: (i, La) (. X,) (1) € (i, 1) (A)})

=L0({te N°NM :(Y,, X)) € (i, 17)(A)})

=L({r €[0,11: (Y, X;)(1) € (i, 1)(A)}) = P({w € 2 (Yy, Xp) (@) € (i, 1a)(A)})

=P({w e Q: (&, Xyn)(w) € AD.

Finally, let us show that {n, - X/}, converges almost sure to n - X', that is, d,,(n, - X,,(¢),n - X'(t)) — 0 for every
t¢ NUM.

dp((n - X;) (@), (- X)) <dp (- X)) (@), (7 - XDN(@0) +dp (- XN (@), (- X')(D)).
On the one hand,

dp((nn - X))@, (- X)(@) = 102 (Ddp (X, (1), X' (1)) — 0,

since |1, (t)| is bounded, being a convergent sequence to |1(¢)|. On the other hand, by Lemma 2.1 we have

1/p
dp(nn-Y,m-Y)(@) = f[dy([nn-Y]a,[n~Y]a)]”da ()=
0,1]
1/p
= /[dH([nn(t)~Y(t)]a,[n(t)-Y(t)]a)]”da
0,1]
1/p
< na () — ()] /IIYa(t)II” =nu @) —nOIY O, — 0,

0,1]

since the n, (¢) converges to n(¢) and || Y (1)||, < oo.
Then d,(n, () - X, (1), n(t) - X' (1)) — 0O for each t ¢ N U M. This proves that the function ¢ given by

¢ 1 (R X Fe(RY), dmax) = (Fe(R). dp)
(a,U)— aU.
is continuous. Finally, it remains to show that P, x, = £, x;. Let A € B, gay. Then
P({0 € Q:8,(0) - Xn(w) € A)) = P({w € Q: (51, Xn) (@) € 7' (A))
= £({t €10, 11: (a, X,) (1) € ™' (AP = £({t €0, 11: 1a (1) - X;, (1) € A)).

Analogously, Ps.x = £;.y. Since n,, - X 1 — 1 - X’ almost surely, by the identical distribution we have &, - X, — & - X
in distributionind,. O
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As regards the union operation, we begin by establishing its continuity with respect to the relevant metrics.
Set

PU : (Fo(RY) X Fe(RY), dinax) — (F(R?), dy)
U,V)y»Uuuv.

Lemma 5.3. The function ¢y is continuous.

Proof. Let {Uy},, {Vy}n be sequences of fuzzy sets which converge to U and V respectively in d).
1/p
dp(Un UV,,UUV,) = / [dr ((Up U Vi), (U U Vi)e)]? da
0,1]

By Lemma 2.8, for each « € [0, 1]

di((Up U Vi)a, (U U Vp)a) =du((Un)a U (Vi)a), (Us U (Vi) < du((Un)a, Us)-

Then
1/p
dp(Up UV, UUVy) = / [du ((Un)a, Ug)]’ da =dp(Up, U).
0,1]
Analogously,
1/p
dy(UUV,,UUV)= / [du (U U Vi)a, (UUV)e)]’ da
0,1]

For each « € [0, 1],

dH((U U Vn)ota (U U V)a) = dH((Uot U (Vn)a)v (Ua ) Va)) = dH((Vn)ou Va)~

Then
1/p

d,(UUV,,UUV) < / [da((Vi)a, V1P do =dp(Vy,, V).
0,11

With the triangle inequality,

dp(Up UV, UUV) <dp(Upn, U)+dp(Vy, V) = 0. O

Like for the sum, we deduce that taking unions preserves convergence of sequences, provided the terms in the
union converge jointly.

Proposition 5.4. Let {X,,}, and {Y,}, be sequences of fuzzy random variables in R? such that {(X,,, Y,)}n converges
in distribution to (X, Y) in dyax. Then X, UY, converges in distributionin d, to X U'Y.

Proof. First, UUV =¢y(U, V) = (¢y o px)(U x V). Since both ¢y and ¢ are continuous (Lemma 5.3 and Theo-
rem 4.3), their composition is continuous. Moreover, X, x Y, converges in distribution to X x Y in d), (Lemma 4.6).
Hence, by Lemma 3.1, the sequence {X,, UY,}, = {(¢u 0 ¢x)(Xy, Yy,)}, converges in distribution to XUY indp,. O

To derive the Slutski theorem, we use a general result from [6, Exercise 3.10, pp. 49-50] (see also [21]).

14
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Lemma 5.5. Let {P,},eN be a sequence of Radon probability measures on the product 21 x Q2 of two Hausdorff
spaces and denote by {,},cN, respectively {v,},eN the marginal distribution of P, on i, respectively 2. If
{tn}neN converges weakly to p and {v,},eN converges weakly to some one-point measure c, then { P,},eN converges
weakly to u ® c.

Its application to our setting is as follows.

Lemma 5.6. Let {X,,}, and {Y,}, be sequences of fuzzy random variables, let X be a fuzzy random variable and
UeF.RY. IfX, — X and Y,, — U in distribution in dp, then (X, Y,) — (X, U) as random elements of Fo(RY) x
Fo(RY).

Proof. Since every Suslin space is Radon [23, Theorem 10, p. 122] and (F.(R9), dp) is a Lusin space for every
p €[1, 00) (see [, Proposition 5.4]), which is a stronger condition that being a Suslin space, every probability measure
in (Fo(RY), dp) is a Radon measure. By Proposition 2.2, those probability measures are exactly those induced by
fuzzy random variables. Then Lemma 5.5 can be applied with Q1 = Q, = F, (RY), un = Px, and n, = Py,, whence
(Xy,Yy) — (X, U) indistributionin d,. O

We finally obtain the Slutski theorem for fuzzy random variables under the d;, metrics.

Corollary 5.7. Let {X,,}, be a sequence of fuzzy random variables which converges in distribution to X in dp, let
{Y,}n be a sequence of fuzzy random variables converging in distribution to a constant U and let {€,},, be a sequence
of random variables converging in distribution to &.

(a) If & is a degenerate random variable which takes on the value c, then &, - X, converges in distribution in d), to
c-X.

(b) If X is a degenerate fuzzy random variable which takes on the value U, then &, - X, converges in distribution in
dyto&-U.

(c) X, + Y, converges in distribution indp, to X + U.

(d) X, UY, converges in distribution in d, to X U U.

Proof. For part (a), replacing 1 by F.(R%), Q, by RY, ,, by Px, and 1, by Ps, in Lemma 5.5, we have (&,, X,) —
(¢, X) in distribution and by Theorem 5.2 it holds that &, - X;, — ¢ - X in distribution in d,. Part (b) is analogous.
For part (c), we have to apply Lemma 5.6 and Proposition 5.1, giving X, + Y, — X + U. Similarly, part (d) is a
combination of Proposition 5.4 and Lemma 5.6. O

6. Further properties

This section collects a brief study of other properties of convergence in distribution, concerning the inclusion
ordering, random sets, and d,-continuous transformations in }'C(Rd ).

We will first show that if all possible values taken by a convergence sequence are ‘covered’ by a fixed element of
Fo(R?) then the same property holds for its limit in distribution. Notice that the result is stated for d; because it is
weaker than any other d),-metric.

Let K € K.(R9) and let x € R?. Denote by d the distance function

d(x, K) = inf x — yl|.
yeK

Proposition 6.1. Let {X,,}, be a sequence of fuzzy random variables which converges in distribution in dy to X. If
X, C U for some U € fC(Rd) and for each n € N, then X C U almost surely.

Proof. Set

A={V e F.(RY:V CU}.
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Let us show that 2 is closed in (F,(R%), d;). Let {Vi,}n € 2 be a sequence of fuzzy sets which converges to some
V in dy, that is, d1(V,,, V) — 0. By Corollary 2.6 there exists some N C [0, 1] such that £(N) =1 and (V,)q — Vg
for all « € N. We claim that V,, C U,. For, if xo ¢ U, for some xg € V,, then there would exist € > 0 such that

d(xo, Uy) > €, and then

dy Vo, (Vi) = sup d(x, (Vi)a) = d(xo, (Vi)e) = d(x0, Uy) > &,

xXeVy

a contradiction. In order to extend the inclusion V,, € U, to o ¢ N, consider now any « € (0, 1]\ N. Let us show
Vo = nnip<a) Vo-

(S) Vo= m{ﬂ<a} Vﬂ < mNﬁ{ﬂ«x} V,B'

(D) Letx ¢ ﬂ{ﬁ<a} Vg. Then there exists 8* < « such that x ¢ V,, for all @ > p*. Since £(N) =1, N is a dense
subset of [0, 1]. Therefore there exists «* € N N (B*, «) such that x ¢ V. Then x ¢ ﬂNm{ﬂw} V. Analogously,
Ua = (nn(p<a} Up- Therefore

Ve= [} %S [) Up=Ue

NN{B<a} NN{B<a}

There only remains the case o = 0 ¢ N, that is, dg(Vo, (V;)o) does not converge to 0. Let us show Vy =
AUjp-0pnn Vs-
(<€) Suppose that there exists x € Vj such that x ¢ cl U{B>0}ON Vg. Then for every B € N, B > 0 we have x ¢ Vpg.
Therefore x € Vg« with * > 0, * ¢ N. This contradicts the fact that Vg« = (54} Vp-
’(T%l) By definition, Vo = clU, -0, V5 2 clUg=0)nn V5-
en

Vo=cl U Vg Ccl U Ug C Up.
{B>0}NN {B>0}NN

Since V,, C U,, for all « € [0, 1], we have V C U proving that 2l is closed. By the portmanteau theorem (Lemma 2.3),

1=P(X,CU)=P(X, €) <limsup Px, ) < Px(R)=P(X e€A)=P(X CU)
n
whence X C U almost surely. O

Example 6.1. The previous result is not true if we replace U with a fuzzy random variable Y. Suppose that Z ~
N(@,1)and X,,,Y = I;7y, X = I{—z). Then X,, C Y for each n € N and X,, — X in distribution in d;, but P(X C
Y)=P(Z=0)=0.

Proposition 6.1 raises the question whether the deterministic fuzzy set U can be replaced by a random Y provided
the convergence is suitably strengthened. The answer is positive, using convergence in probability.

Proposition 6.2. Let X,,,Y,, X, Y be fuzzy random variables such that X, — X and Y, — Y in probability in d.
Suppose that X,, C Y, foralln € N. Then X C Y almost surely.

Proof. Since X,, — X in probability, by [ 14, Lemma 3.2] there exists a subsequence { X}, of {X,}, which converges
to X almost surely in d;. By the same reasoning, there exists a further subsequence {Y,}, of {Y¥,}, which converges
to Y almost surely in d;. Then also X,,» — X almost sure in dj.

Let w € 2 be such that X, (w) - X(w) and Y,,(w) — Y (w). Then, by Corollary 2.6 there exists a subset N of
[0, 1] with £(N1) = 1 such that X, (®w)y = X (@) in dy for every o € Nj. Analogously, there exists a set N> C [0, 1]
with €(N2) = 1 such that Y, (w)q — Y(w), in dy for every @ € N,. Then for every « € N = N; N N> we have
dy (X, (w)a, X (0)g) = 0 and dy (Y, (@), Y (w)g) — 0.

Let @ € N. Although N depends on w, this will not be an obstacle for the proof. For any fixed ¢ > 0, there exists
n1 € N such that X (w)y € X, (w)g + ¢B and X, (w)y € X (w)q + €B for every n > ny. Analogously, there exists
ny € N such that Y (w)y C Yy (w) +€B and Y, (w)y C Y (w)y + ¢ B for every n > nj. Furthermore, X, (w)y C Y, (@)q

for all n € N. Let n* = max{n, np}. Then
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X(w)g S Xp(@)g +eB CYy(w)o+eBCY(@o+eB+eB

for every n > n*. By the arbitariness of &, X, (w) C Yy (w) for every « € N; N N;. Reasoning like in the proof of
Proposition 6.1, we obtain X, (w) C Yy (w) for every « € [0, 1]. Therefore X (w) C Y(w). In conclusion, X C Y
almost surely. O

Another natural question is whether the identification of a set with its indicator function is respected by convergence
in distribution. The first part of the answer is as follows.

Proposition 6.3. Let X, X : (2, A, P) - (K, (]Rd), dg) be random sets. Then X, — X in distribution in dg if and
only if Ix, — Ix in distribution in d), for any p € [1, 00).

Proof. (=) Suppose that X,, — X in distribution in dy and let p € [1, 00). By the Skorokhod representation theorem
[26], there exist random sets Y, Y : ([0, 1], Bjo,13, £) — (Ko (R?), dp) such that Ly, = Px,, Ly = Px and Y, (t) —
Y (¢) for each t € [0, 1]. Since

dp(ly, (1), Iy (1)) =du (Ya(1), Y (1)),

it follows that Iy, (r) — Iy(¢) in d), for each z. Let

i (Ke(RY), dy) — (Fo(R?), d))
U Iy.

For any A € B(]:C(Rd)’dp),

Cr, (A) =L({t €[0,1]: Iy, (t) € A} = £({t €[0,1]: Y, (1) €i ' (A)})
=P{oeQ: X (wei ' (A)=PlweQ: Ix, () € A}) = Py (A).
Analogously, €1, = Py . Since Ix,, Ix are identically distributed as Iy, , Iy, therefore Ix, — Ix in distribution in d .
(<) Suppose that Ix, — Ix in distribution in dj,. By Theorem 3.2, there exist fuzzy random variables Y,, Y :
(10,11, Bio,13. &) — (]-'C(]Rd),d,,) such that £y, = Pry . Ly = Pix and Y, (t) — Y (¢) for each t € [0, 1]. For any
A € Bc.®d).dn)

PloeQ: Xy(w) e A) =P({owe:Ix,(w) €i(A)})
=0({r €[0,1]: Y, (1) €i(A)}) =£({t €[0,11:i ' 0 Y, () € A}).

Since i is an isometry, d,,((i_1 oY) @), (i o Y)(1)) = dy (Y, (1), Y(t)). In conclusion, X, — X in distribution in
dy. O

Proposition 6.3 falls short of answering the question satisfactorily: in the literature of random sets, it is much more
common to define convergence in distribution using the weaker Fell topology than the Hausdorff metric (see, e.g.,
[17, Definition 6.1, p. 84-85]). Let us reason that both are equivalent in our context.

Corollary 6.4. Let X,,, X : (2, A, P) — K.(R?) be random sets. Then X, — X in distribution in the Fell topology if
and only if Ix, — Ix in distribution in d), for every p € [1, 00).

Proof. By [22, Corollary 3A], convergence of compact convex sets in dg is equivalent to their convergence in the Fell
topology. Since the latter is metrizable (see Theorem 2.2 in [29], where Fell topology is called hit-or-miss topology),
the equivalence of the convergences implies that the topologies are identical. Since the definition of weak convergence
depends on the topology only, convergence in distribution with respect to dy is the same thing as convergence in
distribution with respect to tr, for random sets with compact convex values. Thus Proposition 6.3 yields the result. O

Lastly, let us show that the role of R as the codomain of the mappings in the definition of convergence in distribution
can be played also by F.(R) itself, resulting in an equivalent definition.

17
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Proposition 6.5. Let X,,, X be fuzzy random variables. Then X, — X in distribution in d,, if and only if for every
continuous and bounded function ¢ : (F,(R?), dp) = (Fe (RY), dp) we have E[p(X,)] — E[p(X)].

Proof. Necessity: By the continuous mapping theorem (Lemma 3.1), ¢ (X)) — ¢(X) in distribution in d,. Since ¢ is
bounded, there exists R > O such that

dp(p(Xy), Ijny) < R,

hence there exists an integrable function g : 2 — R (given by g(w) = R for each w) such that d,,(¢(Xy), Ij0)) < g.
Finally, by the dominated convergence theorem (Lemma 3.3), E[¢(X;)] — E[¢(X)].

Sufficiency: Let us show that E[ f(X,)] — E[f(X)] for every continuous bounded function f : (F, (]Rd), dp) —
R. Let f: (F.(RY), dp) — R be any continuous bounded function. Let U,, U € F, (R?) such that U, — U. Then

dp(Ii(rwn.0....00 li(r.o,....00) =da {(f (Un),0,..., 0} {(f(U),0,...,0)})
=|f(Un) — fU)I,

hence Iy(r(),0,..,00 (F.(RY)y, dp) — R is dj-continuous and bounded. Then E[I{f(x,).0,...01] = Ell{rx),0,...0;] in
dp. Since

dp(ELL( £ (x,).0....00 ] EU(£x0,0.....00 D) = dp TEA[(f (X).0....00 TEAL(f 20).0.....00)1)
=dy(Ea[{(f(X,),0,..., 0}, Ea[{(f(X),0,...,0)}])
=dg({(E[f(X)],0..., 0}, {(E[f(X)],0...,00})
=[[(E[f(X)],0...,0) = (E[f(Xn)],0..., 0 = I(ELf (Xx)] — E[f(X)],0...,0)]
=I[E[f(X)]— E[f(XD]l,

indeed E[f (X,)] — E[f(X)]. D

7. A statistical application

This section is based on the fact that the cumulative distribution function of a bounded random variable can be
identified with an element of F.(R). It has been repeatedly observed that the left and right slopes of a fuzzy interval
can be easily transformed into cumulative distribution functions (see, e.g., the Goetschel-Voxman representation
theorem [10, Theorem 1.1]). This has sometimes been used to try to give fuzzy intervals a probabilistic interpretation.
The novelty in this section is that we will show how to use results about F.(R) in order to obtain results about
probability distributions via their cumulative distribution functions. This is applied to illustrate the results in the
preceeding sections but other applications are possible.

Fix an interval [a, b]. Let P, ;) be the set of all probability distributions whose support is contained in [a, b]. For
any p € [1, 00), the LP-Wasserstein distance (see, e.g., [18]) between probability distributions P, Q € P4 p) is

wp(P, Q) = inf X =Yl

where X and Y respectively have distribution P and Q.
For any « € (0, 1], the a-quantile of P is

q(P,a) =inf{x e R | P((—o00, x]) > a}.

Since P has bounded support, g(P, 1) is finite.

Vincentiles [28] were developed in the context of quantile estimation from samples from several groups. It was
observed that pooling all the data from the different groups typically led to a multimodal distribution and it was
preferred to estimate a quantile by averaging the quantiles of the different groups rather than by the corresponding
quantile of the pooled data. This is often used in response time studies (e.g., [12,4]).

Let us present an abstract description of vincentiles. The vincentized distribution Vin(P, Q) of any P and Q is
defined by the identities
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JVin(p, 0. ) = 1L+ (0.

for « € (0, 1], yielding the cumulative distribution function

Fyin(x) = supfa € (0, 1] [ g(Vin(P, Q), &) = x}.

When P and Q are empirical distributions, we obtain the definition of the sample vincentile. Therefore, an «-
vincentile is just the «-quantile of the vincentized distribution. While an extension to more subsamples is obvious, for
notational simplicity we will develop the two-sample case.

Let P be the true probability distribution to be estimated. An estimator I?,, TwE R ﬁ,,(w) € Plap of Pisa
random element of P, 5] which is based on the information of a sample of size n. Hence it has the form 7,,(&1, ..., &)
where T, : R" — P4 p) and {&,}, is a sequence of random variables with distribution P (independent or otherwise).

While this description of estimation is nonparametric in nature, parametric problems can be rewritten in this form
provided the dependence of the distribution on the parameter is measurable. It is also important to note that P, 5] is
compact with the weak topology of probability measures and the L”-Wasserstein metrics [18, Corollary 2.2.5]. They
all generate the same topology and Borel o -algebra, making the expression ‘a random element of P, 5’ univocal in
meaning.

An estimator is weakly consistent if P, — Pin probability, equivalently if it converges weakly (since the limit is a
deterministic element of P, 7).

We define a generalized vincentile function by

(@) = q(Vin(P,, 0n), @), a€(0,1]

where I”:,, Qn are estimators of P. The vincentized distribution Vin(I”;, Qn) will be called the vincentized estimator.
We will connect all this to fuzzy intervals using the following results.

Lemma 7.1. (See [18, p. 48-49]) Let P, Q be probability distributions in R. Then
wp(P, Q)= llg(P,) —q(Q,)p-
Theorem 7.2. Let p € [1, 00). The mapping W : (Pla,p), wp) = (Fc(R),dp) given by

P((_Oo,x]), X Sb

Y(P)(x) = b

is an isometry.

Proof. Fix arbitrary « € (0, 1] and P € Py, 5). From the definition of W,
V(P)y ={x e R| P((—00,x]) > a} N (—00,b].

The infimum of W(P), is therefore g (P, ). Since the cumulative distribution function is right continuous, whenever
Xn = q(P,a)*

P((—00,q(P,a)]) = lirlln P((—00,x,]) > «
so the infimum is attained. Thus
V(P)y =[gq(P,a),00) N (—00,b]=[q(P,a),b].

Since the «-cuts of W(P) are non-empty compact intervals, to show W(P) € F.(R) we just need to check that W(P)g
is bounded. But

W(P)y=cl P,a), bl =cl( inf P,a),b] C|a,b].
(P)o cagl][q( @), bl =cl( inf q(P.a).b]C la.b]

Therefore W is well defined. To prove it is an isometry, take P, Q € P|,4 5. Then
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1
dp(¥(P), ¥(Q)) = (f dr([q(P,a), b, [q(Q, @), b))Pda)'/?
0

1
= (/ max{|q(P,®) — q(Q, )|, |b—b}fda)"/? = ||g(P,-) — q(Q, ), = w,(P, Q)
0

by Lemma 7.1. O

Proposition 7.3. For any P, QO € Plu.5),

W(Vin(P, Q)) =27 (¥(P) + W(Q))

where the addition and product by a scalar are the ordinary operations in F.(R).

Proof. Let « € (0, 1]. From the proof of Theorem 7.2,

W(Vin(P, 0))e = [g(Vin(P, 0),a), bl =27 (q(P,a) + ¢(Q, @)), b]
=2"1([q(P, @), b] +[q(Q, @), b]) =27 (W(P)y + ¥(Q)y) = Q7 (¥(P) + ¥(Q)))y. O

Then we have the following consistency result for generalized vincentiles.

Theorem 7.4. Let P € P, p) and let P, and Q,, be weakly consistent estimators of P in wy. Then, for all p €
[1, 00), the vincentized estimator is weakly w p-consistent. In particular, the generalized vincentile function is a weakly
consistent estimator of the quantile function of P in the LP-norm.

Proof. Notice \Il(ﬁn) and \Il(én) are fuzzy random variables. That is so because 13;, is a random element of the
compact metric space (Pq,p1, wp). Since W(P(q,p)) is then dp-compact, it is Borel measurable in F.(R). Thus \ll(ﬁn)
is measurable with respect to the Borel o-algebra of d,, i.e., it is a fuzzy random variable (Proposition 2.2). By the
assumption of weak consistency and the isometry,

W(P,) — W(P), W(Q,)— W(P)
in distribution in d),. By parts (a) and (c) of Corollary 5.7,
27 (W(P) + W(0y) > 27 (W(P) + W(P)) = W(P)

in distribution in d),, or equivalently in probability since the limit is a non-random element of F,(R).
By Theorem 7.2 and Proposition 7.3,

w,(Vin(Py, On), P) = d,(¥(Vin(P,, 0,)), W(P))
=d, 27 (W(P,) +¥(0n)), ¥(P)) = 0

in probability.
The second part follows from Lemma 7.1. O

Remark 7.1. If }/’\n and Q,, are the empirical distributions generated from two i.i.d. samples from a common distribu-
tion P, then they are weakly w,-consistent estimators of P (even strongly consistent, see [18, Proposition 2.2.6].)

Vincentization is based on splitting a sample of size 2n (or generally kn) into subsamples of equal size and averag-
ing their quantiles. From Corollary 5.7, Theorem 7.4 remains true if this procedure is replaced by randomly deciding
the subsample to which each element of the sample is assigned, and weighing accordingly each estimator in the
definition of the generalized vincentile.
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Remark 7.2. This section aims at illustrating both the Slutski theorem for fuzzy random variables and the fact that
a random probability distribution in R can be identified with a fuzzy random variable via the mapping W. Moreover,
ordinary averages of fuzzy sets correspond to averaging quantiles and match the statistical concept of vincentizing
distributions.

In this connection, it can also be noticed that (in a different language) quantile averaging corresponds to the Fréchet
mean [8] with respect to the wo-metric. A typical example of the nice properties of averaging distributions using the
L2-Wasserstein metric observes that the Wasserstein average of two normals N (i1, 0) and NV (u2, o) is N ((u1 +
u2)/2, o), whereas their setwise average is a (non-normal) mixture. In the end, this parallels the same reasoning that
justified vincentiles (e.g., pooling unimodal data leads to losing unimodality).

The fact that adding the fuzzy sets W(P:) and W(P;) does not yield W(Pz,) is not a flaw of the mapping W, since
it yields a different operation between distributions, of the kind studied by Schweizer and Sklar [24, p. 99], which as
we remark has a natural interpretation and positive features in more than one context (vincentization, Fréchet means,
probabilistic metric spaces).

8. Concluding remarks

In this paper we have considered the maximum as the triangular conorm defining the union operation, and the defi-
nition of the fuzzy Cartesian product is also tied to using the minimum as the intersection. Similarly, the definitions of
the arithmetics operations are consistent with Zadeh’s extension principle in which suprema of minima are calculated.
The results in this paper can potentially be developed in the direction of studying alternative triangular norms and
conorms, other than the pair minimum/maximum.
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