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A B S T R A C T

A new cavitation model for CFD (Computer Fluid Dynamic) calculations is developed in the present article. The 
model is designed to reproduce the dynamics of both microbubbles and macroscopic cavities. It is built in the 
frame of the homogeneous mixture URANS (Unsteady Reynolds-Averaged Navier-Stokes) equations and in
troduces Rayleigh-Plesset bubble dynamics. The model also accounts for surface tension, viscosity, slip velocity 
and the presence of noncondensable gases in the fluid. The influence of turbulence is considered based on the 
pressure drop arising from interactions between microbubbles and turbulent eddies. Such approach implies that, 
when bubble size rises, the adjacent flow turbulence is also increased resulting on additional cavitation. The new 
model is firstly calibrated and validated comparing its results for the well-known injector nozzle experiments 
from Sou et al. (2007). Different cavitating regimes ranging from inception to developed cavitation, including 
hydraulic flip, are analysed. In all cases, the proposed formulation allows to capture single bubble behaviour as 
accurately as Lagrangian modeling while maintaining the cost-effectiveness and the suitability for macro
cavitation of the Eulerian models. Comparison with the full differential Rayleigh-Plesset equation shows that the 
presented model is able to describe single bubble behaviour. This represents a significant improvement during 
the inception stage, in which isolated bubble dynamics are responsible for cavitation.

1. Introduction

The prediction of cavitation inception and development in fluid 
machinery has traditionally been a topic of major concern in the field of 
hydrodynamics. The deleterious effects of cavitation-driven bubble 
implosion near surfaces (Fortes-Patella et al., 2013), which violently 
damage the material while increasing noise and vibration, represent an 
engineering challenge. The design of a wide variety of industrial 
equipment, ranging from ship propellers (Viitanen et al., 2022) to 
pumps (Mousmoulis et al., 2019) and turbines (Wu et al., 2022), requires 
the avoidance or, at least, the control of cavitation. For this reason, 
extensive experimental testing is carried out as a result of the difficulty 
to analytically forecast the occurrence of this phenomenon 
(Susan-Resiga et al., 2004). There exist, however, applications for which 
the advantageous properties of cavitation are sought such as ultrasound 
cleaning (Yamashita and Ando, 2019), surface finishing processes 
(Manickam and Ashokkumar, 2014) or fuel injection systems (Sou et al., 
2014).

Despite the abundant branches of fluids engineering benefitting from 

research on this field, no consensus has been attained on the most ac
curate method to simulate cavitating flows. Consequently, although the 
use of a reliable numerical model would imply a substantial reduction of 
product development time and cost, experimental testing is still un
avoidable. What is more, experimental results and numerical predictions 
often differ substantially. The causes for this discrepancy do not lie on 
the lack of efforts towards computational modelling of cavitation but on 
the elusive nature of the phase change process. Heterogeneous factors 
including fluid composition, temperature, turbulence or surface finish 
(Brennen, 2013) strongly condition flow features. These are, however, 
difficult to incorporate in CFD calculations due to a problem of scale: the 
mesh quality needed to solve the macroscopic flow features and the 
turbulence modelling equations is rarely fine enough to deal with the 
microscopic bubble dynamics thar govern cavitation.

Unsteady cavitating flows are governed by a rich variety of charac
teristic phenomena, such as re-entrant jets and detached bubble cloud 
dynamics. Although cavitation commonly begins in the form of micro
bubble growth after the activation of nuclei in a low-pressure zone 
(Brandner et al., 2022), subsequent coalescence ends up forming a ho
mogeneous macrocavity. This alters flow patterns, the cavity therefore 
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becoming unstable as the conditions that promoted its formation are no 
longer present (Callenaere et al., 2001). A high-speed jet of liquid is then 
directed towards the low-pressure zone where the cavity is located, 
helped by flow recirculation downstream the cavity endpoint. The 
incident re-entrant jet breaks up the cavity, thus forming a detached 
bubble cloud that undergoes subsequent condensation (Venning et al., 
2022). This breakup-detachment-condensation cycle gives rise to com
plex unsteady dynamics, with different regimes defined by Brennen 
(1994) as bubble cavitation, blade (or attached) cavitation and backflow 
cavitation.

The dynamics of single bubbles subjected to a known pressure field 
have been widely studied, with the Rayleigh-Plesset (Plesset, 1949) and 
the Keller-Miksis (Keller and Miksis, 1980) equations standing as the 
reference in incompressible and compressible fluids, respectively. Good 

agreement of analytically predicted bubble behaviour with the experi
mental data has been reached in multiple scenarios (Koukouvinis et al., 
2016), as long as coalescence, nucleation and breakup phenomena are 
laid aside. In most practical situations, however, the behaviour of cav
ities (which form as a result of bubble coalescence and nucleation) dif
fers from that of isolated bubbles. This duality has led to the emergence 
of finite volume methods coupling the governing equations of the (at 
least two) phases involved, which have adopted one of the following 
strategies: Eulerian reference system for the liquid phase together with 
Lagrangian particle tracking for bubbles (Lyu, 2020), Eulerian approach 
for both liquid and vapour phases involving interface capturing, or the 
homogeneous mixture approach. The latter is the computationally least 
demanding alternative, and therefore the most employed by researchers 
and commercial software.

Nomenclature

Roman letters
AB Interfacial area volumetric density
CD Drag coefficient
Cμ Turbulent viscosity constant in the k − ε model
Cρ Compressibility correction of turbulent viscosity
∂x/∂y Partial derivative of x with respect to y (Eulerian)
Dx/Dy Partial derivative of x with respect to y (Lagrangian)
EDDES Dissipation term in DDES model
f Shedding frequency
fb Blending function between URANS and LES
FDDES Boundary layer shielding factor in DDES
g→→ Earth gravity acceleration
h Mean cell size
I Identity matrix
k Turbulent kinetic energy
KG Ideal gas constant of air
l0 Integral turbulent length scale
n Total nuclei volumetric concentration
N(R) Population number density of nuclei with radius R
p Static pressure
pT Total pressure
Δp Pressure difference across a bubble, Δp = pB − p∞
p Mean static pressure in turbulent flow
p1 Upstream pressure (at the injector inlet)
p∞ Liquid pressure outside the bubble
pB Pressure inside the bubble
poutlet Outlet pressure at the nozzle end
pref Reference pressure
pV Vapour pressure at saturation conditions
pturb

V Turbulence-corrected vapour pressure
pcorr

V Turbulence correction for the vapour pressure
R Bubble radius
R0 Initial bubble radius
R30 Volumetric average bubble radius
Re Reynolds number, Re = VN WN

νL

Scav Cavitation source term
t Time
Δt Time step
T Cavity shedding period, temperature
V→→ Flow velocity
V→→

L Liquid phase velocity
V→→

B Bubbly phase velocity
V→→

B,L Relative bubble slip velocity with respect to the liquid 
phase

VN In-nozzle velocity
w Buoyancy parameter of bubbles in turbulent eddies
WN Nozzle width
y+ Non-dimensional wall distance Y plus

Greek letters
α Void fraction
ξ Estimated minimum nuclei size
S Surface tension in the vapour-liquid interface
Δ Grid spacing
ε Turbulent kinetic energy dissipation rate, relative error
ε Shape factor of nuclei number density distribution
γ Polytropic expansion/compression coefficient
γγ Time ratio between the turbulent eddy timescale and the 

particle relaxation time
Γt Turbulent diffusivity
λ Taylor turbulence scale
μB Bubbly phase viscosity
μL Liquid phase viscosity
μt Turbulent viscosity
μT Total mixture viscosity
νL Liquid phase kinematic viscosity
ρB Bubbly phase density
ρG Noncondensable gas density
ρL Liquid phase density
ρT Total mixture density
ρV Vapour phase density
P Nondimensional turbulent pressure fluctuation P =

3 pfluct
2 k ρL

P Arithmetic mean nondimensional turbulent pressure 
fluctuation

ΔPʹ Nondimensional shifting correction of vapour pressure
Pʹ

RMS Nondimensional widening correction of vapour pressure, 
RMS amplitude of the nondimensional turbulent pressure 
fluctuations

σ Cavitation number, σ =
poutlet − pV

1
2ρLV2

Nσt Prandtl/Schmidt number, σt = 0.75
ϑ Volume

Acronyms
CFD Computational Fluid Dynamics
DDES Delayed Detached Eddy Simulation
DES Detached Eddy Simulation
GCI Grid Convergence Index
LES Large Eddy Simulation
PISO Pressure-Implicit with Splitting of Operators
URANS Unsteady Reynolds-Averaged Navier-Stokes
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In order to balance the advantages of Lagrangian (adequate for single 
bubbles) and Eulerian (more appropriate for cavities) reference frames, 
multiscale approaches have been developed. What is more, significant 
efforts have been directed towards their improvement since the pio
neering work of Vallier (2013), with nucleation (Hsiao et al., 2017) or 
compressibility (Zhao et al., 2024) effects being included in models with 
growing sophistication. In these computational codes, a transition based 
on mesh resolution takes place allowing to model macrocavities by 
means of a mixture approach while sub-grid-sized bubbles are handled 
by a Lagrangian solver (Wang et al., 2023). Considerable improvements 
can be attained by applying such paradigm in cavitating turbulent flows 
(Wang et al., 2021), although the mathematical complexity and 
computational cost remain high when compared to strictly Eulerian 
alternatives.

As a consequence of the above, homogeneous mixture modelling still 
represents the current industrial standard, and different cavitation 
models have been developed in this spirit (Singhal et al., 2002; Zwart 
et al., 2004). The Schnerr-Sauer formulation is the alternative preferred 
by most researchers (Savio et al., 2021) due to its compromise between 
accuracy and numerical stability. Yet, limitations regarding the model
ling of nucleation, cavity deformation and phase interaction are 
inherent to the homogeneous approach. Population balance models (De 
Giorgi et al., 2019) have recently been implemented in order to improve 
the performance of such computations, but the mathematical 
complexity and computational effort are significantly increased. Other 
recent improvements of these models include the introduction of ther
modynamic effects (Li et al., 2018), slip velocity or non-dissolved gas 
content (Arabnejad et al., 2023). Nevertheless, the presence of micro
bubbles in equilibrium above the vapour pressure is neglected by all of 
the above, thus partially obviating the critical role played by the fluid’s 
initial bubble content in the final results (Brandner et al., 2022). 
Application of these models has shown that pre-existing nuclei intro
duced as an inlet boundary condition collapse as soon as pressure rises 
above the saturation level. As a result, the onset of cavitation is under
estimated and an additional pressure drop is thus required for inception, 
which is consequently delayed with respect to the experimental 
observations.

The present study introduces a novel derivation of the homogeneous 
mixture model in which the behaviour of microbubbles is captured by 
applying an extended formulation of the Rayleigh-Plesset equation 
neglecting second-order terms. Additionally, the vapour and non- 
dissolved gas are combined in a single, compressible phase to account 
for initial nuclei size variability, which is absent from most cavitation 
models. Compressibility, turbulence and slip velocity corrections based 
on previous works in the field are also incorporated with the aim of 
developing an efficient algorithm to be applied at industrial-aimed 
URANS simulations under the usual mesh requirements for these cases.

The development and validation of the aforementioned model is 
presented in the present article. In first place, a detailed mathematical 
derivation of the proposed model is provided starting from the 
description of the homogeneous mixture model and its governing 
equations. The translation of Rayleigh-Plesset single bubble dynamics 
from the Lagrangian to the Eulerian framework is detailed together with 
a description of the compressibility, turbulence and non-dissolved gas 
corrections. Consecutively, model validation is carried out following a 
methodology based on the Sou et al. (2007) injector experiments. A 
discussion on the influence of the compressibility and slip velocity terms 
is included, as well as a sensitivity study regarding initial bubble size and 
non-condensable gas content. A comparison of the model performance 
with respect to the full Rayleigh-Plesset equation is also provided, after 
which the pertinent conclusions and concluding remarks are enunciated 
together with suggested future works on the topic.

2. Mathematical derivation

A system of five differential convection-diffusion equations, namely 

continuity, momentum, vapour transport, turbulent kinetic energy 
transport and turbulence dissipation rate transport, is solved using a 
finite volume method implementing a homogeneous mixture multiphase 
model. Heat exchange processes are neglected, and the non-condensable 
gas compressibility and slip terms in the vapour transport equation can 
be simplified for reduced computational cost without significantly 
compromising accuracy. A description of the homogeneous mixture 
model is provided in first place, followed by a discussion on the 
modelling of single bubble dynamics and natural bubble populations in 
fluids. The cavitation source term of the present model is subsequently 
derived based on the translation from the Lagrangian to the Eulerian 
frame. Finally, the effects of slip velocity and turbulent interactions are 
discussed and introduced in the governing equations of the model.

2.1. Governing equations and mixture model

The Unsteady Reynolds-Averaged Navier-Stokes equations for 
incompressible, isothermal flow are solved for the total flow field. 
Phase-averaged density ρT and viscosity μT are computed as a function of 
the properties of each phase by means of the void fraction α: 
{

ρT = (1 − α)ρL + αρB
μT = (1 − α)μL + αμB

(1) 

Under the homogeneous mixture approach, equivalent to the 
assumption of a dispersed interface in which the vapour phase is 
completely dissolved in the form of microscopic bubbles in the liquid 
medium, it is possible to express continuity: 

∂ρT

∂t
+∇⋅

(
ρT V→→

)
= 0 (2) 

and momentum conservation: 

∂
(

ρT V→→
)

∂t
+∇⋅

(
ρT V→→⋅ V→→

)
= − ∇p +∇⋅(μT + μt)

[

∇V→→ 

+
(
∇V→→

)T
−

2
3
∇⋅ V→→I

]

+ ρT g→→ (3) 

for the whole mixture as if it were a single phase. The two equations of 
the standard k − ε model are solved for turbulence closure. This model is 
extensively applied to cavitation simulations and is suitable for a 
general-purpose model due to its reliability in both cavitating and 
noncavitating flows. The turbulent viscosity μt is therefore computed as: 

μt = CρCμ
k2

ε (4) 

with Cμ = 0.085. When cavity shedding dynamics come into play, 
however, the k − ε model is not able to adequately reproduce the re- 
entrant jet phenomenon (Callenaere et al., 2001) and the cavity shed
ding frequency. Specific corrections based on local flow compressibility 
modelled by the Tait equation have been developed and successfully 
validated against experimental results (Chebli et al., 2021), and hence 
the Cρ expression proposed by Coutier-Delgosha et al. (2003) is incor
porated to the present model: 

Cρ = ρB +

(
ρB − ρT

ρB − ρL

)10

(ρL − ρB) (5) 

A clipping factor of 10 is used to limit the turbulent kinetic energy 
production (Menter and Sechner, 2021), and an enhanced wall treat
ment is applied to ensure accuracy in the boundary layer region.

An additional vapour transport equation is solved in the mixture 
model to account for bubble growth, collapse, and convective transport: 

∂
∂t
(α ρB) + ∇⋅

(

α ρB V→→
B

)

= Scav (6) 
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The cavitation source term Scav is the most critical term in this 
expression and the main differences between cavitation models arise in 
its derivation, which will be henceforth described for the new approach 
being presented.

2.2. Single bubble dynamics

The Rayleigh-Plesset equation, resulting from the integration of the 
Navier-Stokes equations in a control volume delimited by the bubble- 
liquid interface (Brennen, 2013), describes the radial growth of a bub
ble subjected to an outside far-field pressure p∞ considering the effects 
of viscosity and surface tension: 

pB − p∞(t)
ρL

=
3
2

(
DR
Dt

)2

+ R
D2 R
D t2 +

4 μL

ρL R
DR
Dt

+
2 S

ρL R
(7) 

Although the use of the full Rayleigh-Plesset equation for CFD 
computation of cavitating flows is feasible (Muzaferija et al., 2017), the 
second order term will be neglected in this work in order to favour 
numerical stability and enhance convergence speed as this equation is 
known to be numerically stiff (Gadi Man and Trujillo, 2016). By rear
ranging the terms, a second order polynomial is attained: 
[
3
2

](
DR
Dt

)2

+

[
4 μL

ρL R

]
DR
Dt

+

[
2 S

ρL R
−

pB − p∞(t)
ρL

]

= 0 (8) 

This can readily be solved, yielding an analytical expression for the 
radial growth rate: 

DR
Dt

= −

(
4μL

3ρL

)
1
R
±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅(
16μ2

L

9 ρ2
L

)
1
R2 −

(
4S

3ρL

)
1
R
+

2
3ρL

(pB − p∞(t))

√

(9) 

This formulation of the bubble growth rate, which will be used along 
the subsequent deduction procedure of the source term, allows to 
consider viscous and surface tension effects which vary depending on 
the substance under study. Other cavitation models, such as Schnerr- 
Sauer (Sauer, 2000), employ a simpler form of (9) given by Rayleigh’s 
equation (Rayleigh, 1917), thus neglecting bubble equilibrium effects 
introduced by the surface tension and the growth dynamics promoted by 
the effect of liquid viscosity: 

DR
Dt

= ±

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
2

3ρL
(pB − p∞(t))

√

(10) 

Equation (10), although simple and numerically stable, involves 
several simplifications concerning bubble dynamics that are overcome 
by the proposed expression (9).

2.3. Bubble populations and non-dissolved gas content

Although single bubble dynamics play a key role in the inception and 
development of cavitation, the phase change rate is also strongly 
conditioned by the total amount of bubbles present in the liquid. For this 
reason, a link between single bubble radius and total void fraction must 
be provided in order to translate the Lagrangian bubble behaviour to the 
total Eulerian reference frame used in finite volume calculations. For 
pure vapour bubbles, equilibrium above the saturation pressure is not 
possible and therefore it would be expected that no pre-existing bubbles 
should be found in a liquid at normal conditions (NTP). However, the 
presence of heterogeneous nucleation sites (namely nuclei) in the form 
of particles or microorganisms, in addition to a variable concentration of 
non-dissolved gases, allow the existence of natural bubble populations at 
rest.

Extensive bibliography has focused on the measurement and analysis 
of bubble populations, employing two main technologies: on the one 
hand, dynamic light scattering allows to easily register the number and 
size of microscopic bodies crossing a concentrated light source (Langley, 
1984) but fails at discriminating bubbles from the rest of nuclei present 

in the fluid. On the other hand, holography requires careful 
post-processing but allows to monitor pure bubble populations (O’Hern, 
1987). As a result, probability distributions of nuclei differ depending on 
the measurement technique, light scattered samples exhibiting greater 
population densities. However, global trends in bubble size distribution 
are analogous in both cases regardless of water temperature, salinity, 
turbulence or gas content, allowing to fit the probability density func
tion N(R): 

N
(

R=
R2 + R1

2

)

=

∑
[

Nuclei counts
m3 : R ∈ (R1,R2)

]

R2 − R1
(11) 

to a general expression proposed by Liu and Brennen (1998): 

N(R) = n
log10(e)̅̅̅̅̅̅̅
2 π

√
ϵ R

exp

(

−

(
log10(R) − log10(ξ)

)2

2 ϵ2

)

(12) 

Where n denotes the total nuclei concentration per unit volume of 
liquid-vapour mixture in the sample and ξ the size of the smallest nuclei. 
This function is commonly plotted in log-log axes as represented in 
Fig. 1, taking the form of a second order polynomial to which data can be 
fitted using linear least squares to find n, ξ and ϵ: 

ln(N) =

[

−
1

2ϵ2

]

log2
10(R) +

[
log10(ξ)

ϵ2 − ln(10)
]

log10(R)

+

[

ln
(

n
log10(e)
ϵ
̅̅̅̅̅̅
2π

√

)

−
log2

10(ξ)
2ϵ2

]

(13) 

Typical bubble populations in water measured using holography are 
plotted with dashed lines in Fig. 1 while those obtained by light scat
tering are drawn in continuous trace, representing the probability den
sity function N(R) against bubble radius R in a log-log axis. The 
extraordinary variability of such distributions can be verified, and shows 
the strong influence of the working fluid on the boundary conditions for 
any cavitation problem. In absence of a specific measurement of these 
populations, one of the options from the bibliography should be 
assimilated to the fluid of interest attending to criteria such as temper
ature, air content or even microphotography. Even though it is 
commonly considered that bubble population density distributions 
follow a power law (Alamé and Mahesh, 2024), the magnitude of its 
slope decreases at lower bubble radii (Yunqiao et al., 2023). This can be 
seen, for instance, in the distributions obtained by Arndt and Keller 
(1976) as provided in Fig. 1. To account for this variation, Eq. (12) has 
the advantage of representing a parabola in logarithmic coordinates, 
allowing to faithfully represent the true shape of the curve. For model
ling purposes, however, the volumetric average radius will be used, thus 
reducing the influence of the curve shape.

It shall be remarked that, for all the empirical data plotted in Fig. 1, 
bubble radii above 20 μm are not at all uncommon, and the explanation 
for this equilibrium state lies on the initial air content. A bubble in 
equilibrium must fulfil the well-known condition: 

R =
2 S

Δp
=

2 S

pB − p∞
(14) 

Hence, positive equilibrium radii are not possible above the vapour 
pressure pB = pV in the case of pure vapour nuclei. Multiphase nuclei, 
however, include a fraction of the non-dissolved air released by the 
liquid and can exist as long as the partial pressure of such non- 
condensable gas is: 

pG = p∞ − pV +
2S

R
(15) 

The total void fraction in the fluid is equal to the ratio between the 
bubble volume and the total mixture volume, namely: 

Á. Pardo Vigil et al.                                                                                                                                                                                                                            International Journal of Multiphase Flow 191 (2025) 105334 

4 



α =
ϑBubbles

ϑLiquid + ϑBubbles
=

n⋅ϑB

1 + n⋅ϑB
=

n 4
3 πR3

30

1 + n 4
3 πR3

30
(16) 

Where the volumetric average radius R30 is used as the most repre
sentative measure of mean bubble size. This formulation of the vapour 
volume fraction taken from (Sauer, 2000) allows to bound α ∈ [0, 1)
without the need for additional numerical bounds and corrections which 
would otherwise be mandatory if a realistic solution is to be attained 
(Chebli et al., 2021).

2.4. Cavitation source term

The cavitation source term for the vapour transport equation in a 
mixture model is written as (Singhal et al., 2002): 

Scav = −
ρB

ρT

DρT

Dt
(17) 

Using the definition for ρT from (1) and applying partial differenti
ation, the term is developed: 

Scav =
ρB

ρT

⎛

⎜
⎜
⎝ (ρL − ρB)

Dα
Dt⏟̅̅̅̅̅̅̅̅̅⏞⏞̅̅̅̅̅̅̅̅̅⏟

Bubble growth term

− α DρB

Dt⏟̅̅⏞⏞̅̅⏟
Compressibility term

⎞

⎟
⎟
⎠ (18) 

The bubble growth term is inherent to any Rayleigh-Plesset based 
cavitation model, while compressibility only applies for multiphase 
bubbles or simulations including temperature variations, although it is 
commonly neglected even in those cases. Using implicit differentiation, 
the differential in the bubble growth term is rewritten as: 

Dα
Dt

=
Dα

DR30

DR30

Dt
=

n4πR2
30

(

1 + n 4
3 πR3

30

)2
DR30

Dt
(19) 

And the link between the Eulerian frame of Scav and the Lagrangian 
bubble motion modelled by the Rayleigh-Plesset equation is established 
through the material derivative DR30/Dt, calculated using (9). The 
bubble pressure pB is not constant but is assumed to change with radius 
following a polytropic expansion (Franc, 2007), hence being expressed 

as: 

pB = pV + pG = pV + pG,0

(
R0

R

)3γ

(20) 

with pG,0 being a boundary condition depending on the initial volu
metric mean bubble radius R30,0: 

pG,0 = pref − pV +
2S

R30,0
(21) 

Where pref stands for the reference absolute pressure, which in the 
cases depicted in Fig. 1 is equivalent to atmospheric pressure. Under 
these assumptions and neglecting bubble compressibility, the cavitation 
source term is written as: 

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Scav =
ρLρB n4π

ρT

(

1 + n 4
3 πR3

30

)2

(

−
4μL

3ρL
R30 + sign(φ)
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(22) 

where the fluid properties are treated as model constants, and their 
magnitude is evaluated at saturation conditions in accordance with the 
assumptions of the Rayleigh-Plesset equation (Plesset, 1949).

If this source term is applied to simulate the behaviour of a single 
bubble subjected to a known pressure field, the results obtained exhibit 
significant improvement with respect to the Rayleigh equation in (10) 
when compared to the full Rayleigh-Plesset equation. This is demon
strated in Fig. 2 in which a bubble with an initial size of R0 = 30 μm is 
subjected to a sinusoidal pressure drop falling below the vapour pressure 
of pV = 2350 Pa, the nondimensional time evolution of radius being 
plotted in the left axis and that of the far-field pressure in the right axis. 

Fig. 1. Examples of bubble population data obtained using holography (dashed lines) and light scattering (continuous lines).
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While the Rayleigh equation clearly overestimates bubble growth, 
reaching a maximum radius of 24.1 R0 when the Rayleigh-Plesset 
equation predicts 3.3 R0, the expression in (22) leads to a much closer 
result of 4.0 R0. A major improvement is also achieved in terms of 
collapse time accuracy, with the 3.4 ms calculated for the proposed 
model approaching much better the full Rayleigh-Plesset 3.3 ms than 
Rayleigh’s 4.0 ms.

Moreover, the neglection of surface tension effects overlooks bubble 
equilibrium, and radius falls to zero unless p∞ < pV while both the 
Rayleigh-Plesset equation and the present model agree in an R = R0 
equilibrium radius. When compared to the full expression, however, the 

source term in (22) neglects bubble oscillation after collapse. The 
inability to capture the multiple rebounds is due to the loss of the second 
order time derivative of bubble radius, which becomes highly negative 
during the collapse and in return increases the first order derivative 
according to (7) . This may be seen as a loss of accuracy, but it also 
represents an improvement in numerical stability as very fine meshes 
would be mandatory for proper calculation of these high-frequency re
bounds; instead, the new source term provides a less demanding aver
aging of these fluctuations.

Regarding the compressibility term, time variation of bubble density 
is solely due to non-condensable gas content, and thus it can be 

Fig. 2. Source term comparison for a single bubble subjected to a sinusoidal pressure drop.

Fig. 3. Cavitation source term variation (R30,0 = 8 μm) with pressure difference compared to Schnerr-Sauer model.
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simplified as: 

α DρB

Dt
= α DρG

Dt
(23) 

Which, using the expression for ρG given in (22) and applying the 
chain rule, yields: 

α DρB

Dt
= α ρG,0 R3γ

30,0
D
(
R− 3γ

30
)

Dt
= − α ρG,0 3γ R3γ

30,0 R− 3γ− 1
30

DR30

Dt
(24) 

Where the differential term DR30/Dt is substituted using (9) as done 
in (22).

Before proceeding to apply the slip velocity and turbulence correc
tions of the model, a comparison between the current source term and 
that of Schnerr-Sauer is provided in Fig. 3, where the magnitude of Scav is 
plotted for three different far-field absolute pressures of 5 kPa, 0 kPa 
and − 5 kPa relative to pV as a function of the void fraction α. It shall be 
highlighted that the closer to zero the external pressure is, the lower the 
difference between source terms will be while their magnitude signifi
cantly differs near the vapour pressure. In addition, the present model 
preserves the numerically convenient boundedness between zero and 
one from which the Schnerr-Sauer model benefits.

2.5. Slip

Although the velocity of the bubbly phase V→→
B (composed by a 

mixture of non-condensable gas and saturated vapour) appears in the 
vapour transport Eq. (6), it can be simplified under a no-slip assumption 
by considering that it is equal to the total flow velocity and bubbles 
strictly follow the pathlines described by the liquid as if they were 
massless particles. Although this results in an increased simplicity and 
time economy of the calculations, discrepancy with experimental results 
arises in many practical applications (Arabnejad et al., 2023). The ab
solute velocity of the bubbly phase can be written as the sum of the 
velocity of the liquid phase V→→

L and the relative velocity of bubbles with 
respect to the liquid V→→

B,L: 

V→→
B = V→→

L + V→→
B,L (25) 

The liquid velocity field is solved by means of the continuity equa
tion, while the relative velocity V→→

B,L is computed based on drag forces, 
gravity and turbulent diffusion following the Manninen et al. model 
(Maninnen et al., 1996): 

V→→
B,L =

16 (ρB − ρT)R2
30

3 μL Re CD

(

g→→ −
(

V→→⋅∇
)

V→→ −
∂V→→

∂t

)

−
Γt

σt

(
∇αB

αB
−
∇αL

αL

)

(26) 

Where the turbulent diffusivity Γt is calculated using the empirical 
correlation used by ANSYS FLUENT® when the k − ε turbulence model 
is employed (ANSYS, 2024): 

Γt = Cμ
k2

ε

(
γγ

1 + γγ

)
1

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1 +

⎛

⎝1.8 − 1.35cos2

⎛

⎝V→→
B,L ⋅ V→→

B
VB,L VL

⎞

⎠

⎞

⎠ 3 k V2
B,L

2

√
√
√
√
√

(27) 

The drag coefficient for the bubbles (assuming a spherical shape) is 
computed following the Morsi-Alexander law (Morsi and Alexander, 
1972). For computational stability reasons, a constant R30 is introduced 

in (26) as done in Arabnejad et al. (2023). On the one hand, as the 
magnitude of the slip velocity will only grow to a significant extent in 
zones where bubble size is greater, the average radius in these circum
stances must forcedly exceed the initial volumetric average radius, R30,0. 
On the other hand, the choice of a very large average radius will lead to 
an overprediction of the slip velocity effects. In the light of the above, 
the cavitation inception radius has been chosen as the most represen
tative value for slip velocity calculation. Cavitation inception conditions 
correspond to the smallest visually spottable bubbles. Therefore, as the 
average human visual acuity corresponds to 0.1 mm (Levi, 2011), then 
the optical inception diameter is 100 µm and R30 = 100 μm/2 = 50 μm 
is introduced in (26).

The influence of turbulent diffusion and slip velocity on the final 
results of calculations will be discussed in the forthcoming sections.

2.6. Turbulence

The random velocity fluctuations characterizing turbulent flows also 
influence the pressure distribution in the fluid. For this reason, correc
tions based on empirically calculated probability density functions 
(Uberoi, 1953) have been used to correct the vapour pressure of fluids in 
order to account for the effects of pressure decrease below its average 
value (Singhal et al., 2002): 

pturb
V = pV + pcorr

V (k) (28) 

These corrections commonly use the root mean square difference 
(equivalent to the standard deviation) to quantify the amplitude of these 
fluctuations, which have been observed to cover a wider range of 
pressures below than above the average. More recently, however, the 
work of Bappy et al. (2020) has revealed that these probability density 
distributions can be shifted towards even lower pressures as a result of 
the interaction with bubbles in the flow, i.e. an interaction takes place in 
which the presence of nuclei increases turbulence that, in turn, de
creases the pressure and enhances nuclei growth. The ratio of bubble 
size with respect to the Taylor microscale is the governing parameter 
chosen to quantify the increase in the standard deviation promoted by 
nuclei presence.

Fig. 4.a adapts some of the data from Bappy et al., where the prob
ability density function p(P − P) is plotted for different values of pressure 
difference above and below the mean non-dimensional pressure P. It can 
be seen that the probability density of lower pressures increases at nuclei 
sizes which are greater with respect to turbulent eddies. A shift from the 
initial average pressure is also observed, and hence the correction to be 
applied must take into consideration both shifting and widening effects of 
the function: 

pcorr
V (k, ε) =

2kρL

3

⎛

⎜
⎜
⎝ ΔPʹ
⏟⏞⏞⏟

Shifting

−
1
2
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⎞

⎟
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Fortunately, Bappy et al. provide straightforward correlations for 
both terms as a function of the Taylor microscale λ and a buoyancy 
parameter w: 
⎧
⎪⎪⎨

⎪⎪⎩

λ =
̅̅̅̅̅̅̅̅̅̅̅̅̅
10k/ε

√
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√
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The developed form of these correction terms is:  

The nondimensional correction of vapour pressure is represented in 
Fig. 4.b as a function of the parameters involved in the k − ε model for a 
constant bubble size of 1 mm. Although the usual value of pcorr

V in 
absence of turbulence-bubble interaction is 0.43, maxima above 0.75 
are obtained when considering this correction in the range under study. 
Generally, higher dissipation rates lead to increased turbulence- 
corrected vapour pressure.

3. Validation Methodology

The developed model is coupled to the commercial CFD suite 
ANSYS® FLUENT by means of four User-Defined Functions (UDFs) 
programmed in C++ code, namely: source term, bubbly phase density, 
bubble diameter for slip velocity calculation and compressibility 
correction for the turbulence model. A first-order time-implicit formu
lation is chosen for the cavitation source term combined with an explicit 
algorithm to be solved in each iteration inside the same time step. First 

order upwind is used for the convective term the vapour transport 
equation as recommended by Schnerr and Sauer (2001), while second 

order upwind is preferred for momentum and turbulence equations. The 
equation system is solved using a PISO scheme (Issa et al., 1986) to 
reduce the timestep requirements for convergence, and relaxation fac
tors of 0.7 and 0.3 are respectively used in the momentum and conti
nuity equations. A stronger criterion is used for the vapour transport 
equation, forcing a 0.1 relaxation factor for the cavitation source term 
and the slip velocity while a milder 0.3 in void fraction is enough to 
ensure stability.

3.1. Validation case

Experimental results by Sou et al. have widely been used to validate 
and assess the performance of cavitation models for in-nozzle flow 
behaviour and jet atomization (Trummler et al., 2020). In the present 
work, jet atomization is being left aside in favour of convergent-nozzle 
behaviour evaluation taking Sou et al.’s 2D symmetric nozzle experi
ment (Sou et al., 2007) as the benchmark for this analysis. The geometry 
of the experimental setup is depicted in Fig. 5, showing a symmetric 

Fig. 4. Turbulent pressure probability density function for different bubble radii (a) at w→0 and vapour pressure correction term variation with turbulence (b).

Fig. 5. Experimental setup from Sou et al. (reproduced from Sou et al. (2007)) and computational mesh.
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nozzle with an 8:1 area reduction and a throat length of 16 mm with a 
constant depth of 1 mm. As the nature of the experiment is clearly 
two-dimensional, 2D numerical simulations will be carried out along the 
validation process together with the simplification of midplane sym
metry. A prescribed normal velocity is used as the inlet boundary con
dition, while pressure outlet is applied to ensure atmospheric conditions 
at the throat end. The outlet void fraction is set to zero while the inlet 
void fraction is calculated from the O’Hern 7 % nuclei distribution in 
Fig. 1 yielding n = 5⋅106 m− 3 and R30,0 = 8 μm. This is considered to be 
a representative measure of the working fluid used by Sou et al., who 
claim to have used distilled and filtered water in their experiments to 
reduce initial nuclei population as much as possible.

A cartesian structured mesh is used, featuring thorough refinements 
near walls and increased cell number in the throat section (especially 

near the sharp edge). The longitudinal distribution of wall y+ is also 
plotted in Fig. 5, in which a maximum value of 6 is attained at the front 
wall while the side walls of the throat and chamber fulfil that y+ < 2; 
this allows to use an enhanced wall treatment that significantly im
proves the capabilities of the k − ε model. A constant time step Δt =
0.5 μs is used, yielding an average Courant number of 0.034 with a 
maximum of 3.37. The convergence criterion requires the nondimen
sional residuals for void fraction, pressure, velocity, turbulent kinetic 
energy and dissipation rate to fall below 1⋅10− 5, no variation in the 
solution being observed below 1⋅10− 4. At least five cavity shedding 
cycles are simulated in each working point to ensure that a periodic 
solution is achieved.

Following Sou et al.’s experimental campaign, four working points 
characterized by their cavitation number σ are analysed, each of them 
characterized by a variable Reynolds number Re as detailed in Table 1. 
As the outlet pressure is kept at atmospheric conditions, the cavitation 
number is reduced by increasing the inlet velocity and thus the Re.

The model constants used in (22), related to the properties of the 
working fluid, are summarized in Table 2. Physical and thermodynamic 
fluid properties are evaluated in saturation conditions at the working 
temperature of 293 K according to Sou et al. (2007).

3.2. Mesh sensitivity

A mesh sensitivity study based on velocity, turbulent kinetic energy 
and void fraction is carried out to ensure mesh independence of the 
validation results. For this purpose, a steady-state solution of Case 3 is 
computed and the velocity and turbulent kinetic energy profiles at the 
throat section are measured together with the average volume fraction α 
in the domain. Five computational grids with increasing cell number are 
used to estimate the overall discretization error according to the Grid 
Convergence Index method proposed by Roache (1994) based on 
Richardson extrapolation. The mesh h4 featuring an average cell size of 
32 μm with a total count of 2.7⋅103 cells has been chosen attending to a 
grid convergence index of 1.18 % computed based on the α for h4, h3 and 
h2. The evolution of α with mean cell size h is represented in Fig. 6, 
showing that no significant grid convergence advantage is gained by 

Table 1 
Case studies for the validation using Sou et al.’s injector nozzle.

Case Reynolds number, Re Cavitation number, σ

1 5.0⋅104 1.27
2 5.8⋅104 0.95
3 6.4⋅104 0.78
4 7.0⋅104 0.65

Table 2 
Model constants used in Eq. (22).

Variable Symbol Magnitude

Liquid density ρL 998.2 kg/m3

Saturated vapor density ρV 0.017 kg/m3

Liquid dynamic viscosity μL 1.002⋅10− 3 Pa⋅s
Isentropic expansion coefficient γ 1.4
Surface tension at the liquid-vapor interface S 0.073 N/m
Vapor pressure pV 2353 Pa
Working temperature T 293 K
Gas constant of air KG 287 J/kg K
Initial average volumetric radius R30,0 8 μm
Bubble number density n 5⋅106 m− 3

Fig. 6. Mesh sensitivity study based on the average α in the domain.
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further refining the mesh.
Grid convergence is confirmed by the evolution of velocity and tur

bulent kinetic energy profiles at the throat section depicted in Fig. 7. 
Although lagging with respect to velocity, k does converge as well and 
the relative error ε21 profile for both variables is kept below 1 % as 
shown in Fig. 8. Although increased relative error is obtained near y =
2 mm as a result of both profiles tending to zero, mesh convergence in 
this zone can be checked in Fig. 7.

4. Results and discussion

Model validation is based on the comparison between numerical and 
experimental results that allow to evaluate the accuracy with which the 
proposed model is able to reproduce cavity morphology and unsteady 
dynamics. A discussion on the influence of compressibility and slip ve
locity terms is provided in first place, followed by a comparison of void 
fraction contours at different cavitation numbers with their experi
mental counterparts in Sou et al. (2007). A bubble population sensitivity 
analysis is also conducted. A comparison between the obtained results 

and those predicted by Lagrangian Rayleigh-Plesset single bubble dy
namics is provided so as to show the ability of the model to reproduce 
not only macroscopic, but also microscopic flow features holding 
considerable interest for cavitation inception studies. Finally, the in
fluence of the turbulence modelling approach is studied by means of a 
comparison between the results obtained from URANS and Detached 
Eddy Simulation (DES) calculations using both the Schnerr-Sauer and 
the proposed model.

4.1. Influence of compressibility and slip terms

Taking Case 3 as the benchmark working point, simulations 
including and neglecting both compressibility (Eq. (18)) and liquid- 
bubble slip (Eq. (26)) have been carried out in order to perform a 
sensitivity study that allows to quantify the influence of such model 
improvements. Fig. 9 compares the time evolution of average vapour 
volume fraction in the nozzle for the three alternatives studied along one 
complete cavity shedding cycle (once a periodic regime has been 
reached). As expected, the inclusion of compressibility effects in the full 

Fig. 7. Mesh sensitivity study of velocity (a) and turbulent kinetic energy (b) profiles at the nozzle throat.

Fig. 8. Relative grid convergence error in the velocity and turbulent kinetic energy profiles for the final mesh.
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source term (green curve) does not imply a drastic change regarding 
cavity dynamics when compared to the baseline simplified source term 
(red curve), although a slight reduction in the cavity growth rate can be 
perceived as the slope of the α vs. t evolution experiences an increase 
after the cavity shedding point near t = 3 ms. When slip effects are 
considered (blue curve), however, the growth rate is reduced but the 
general shape of the void fraction time variation is maintained. In the 
light of the above, the three models present a remarkable similarity that 
allows to neglect slip and non-condensable gas compressibility without 

any noticeable detriment to accuracy. A common shedding frequency 
around f = 1/T = 200 Hz is obtained, in accordance with experimental 
data and the RANS simulations from Biçer and Sou (2016).

Although its influence has been proven to be negligible, a further 
analysis of the influence of slip velocity is conducted so as to provide 
further insight on the underlying flow phenomena. For this purpose, the 
vapour velocity contours at different time steps t/T are shown in Fig. 10. 
The relative bubble velocity modulus normalized with respect to that of 
the total velocity is represented in the colour scale, especially focusing 
on closest zone to the nozzle sharp edge in which the majority of the slip 
phenomena are taking place. A clear increase of the slip velocity 
magnitude is identified at the liquid-vapour interface, with slip velocity 
magnitudes reaching three times the modulus of the global flow speed. 
The black dashed line represents the activation threshold of the slip 
velocity formulation, meaning that in the white are the bubble size is 
small enough for perfect bubble-liquid velocity coupling to be accept
able (this does imply, however, that the void fraction α is null). If the slip 
velocity magnitude contours are compared at different time steps only 
minor differences arise, being due to the changes in the cavity shape 
resulting from the unsteady nature of the flow under study.

If the direction (and not only the magnitude) of the relative velocity 
is also monitored as done in Fig. 11, in which blue areas correspond to 
bubble slip opposite to the global flow and red zones denote relative 
motion in favour of the global velocity field, relevant flow features 
regarding the flow acceleration identified in Fig. 10 arise. On the one 
hand, strong positive slip in the liquid side of the interphase can be 
spotted in both the x and y components. On the other hand, the vapour 
side of the interphase is characterized by negative slip opposing the 
global flow direction. Even though the slip velocity magnitude does not 
experience relevant variations with flow unsteadiness, its vectorial 
components do change along the cavity shedding cycle (especially in the 
y direction), giving rise to an interaction between the slip and phase 
change mechanisms near the nozzle edge. The extent of this interaction 
attending to Fig. 9, however, is weak due to the low magnitude of the y 
velocities, especially inside the cavity where flow recirculation is the 
governing phenomenon. For this reason, and even though its introduc
tion may be interesting for the study of detailed flow features, slip ve
locity can be considered negligible for the current case.

As for the compressibility term, no major influence on global flow 
behaviour is observed and therefore it can be considered negligible. 
Careful inspection of (18) reveals that the density derivative DρB/Dt 
only has a relevant magnitude with respect to the phase change term 
when the pressure outside the bubbles is above pV . This situation cor

Fig. 9. Time evolution of average α in the nozzle throat using different source terms.

Fig. 10. Normalized bubble slip velocity magnitude in the nozzle.
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responds to a reduced bubble diameter R ≈ R0 as a result of which α is 
very small and therefore contributes to cancel the relevance of the αDρB 
/Dt term.

4.2. Comparison with experimental results

The validation of the presented model is carried out by means of a 
comparison with both the experimental results by Sou et al. and the 
calculations performed using the Schnerr-Sauer source term. In all the 
cases under study, the proposed model is able to predict the unstable 
cavity behaviour while the Schnerr-Sauer formulation cannot, instead 
delivering a steady solution even for unsteady calculations.

At the working point corresponding to σ = 1.27, both the Schnerr- 
Sauer and the proposed model succeed at predicting no cavity forma
tion on the nozzle walls (Fig. 12). At a lower σ = 0.78 corresponding to 
moderate cavitation, however, significant improvements with respect to 
the Schnerr-Sauer formulation is observed in Fig. 13. One major dif
ference between both models arises in the formation of a re-entrant that 
compromises cavity stability and promotes the characteristic shedding 
dynamics described at different time steps t/T where T is the cavity 
shedding period (this period, although constant for each working point, 
changes slightly with σ). The Schnerr-Sauer model is unable to repro
duce these dynamics, and the cavity morphology remains unchanged 
once a stable regime is reached. For this reason, the time evolution of the 
α contours is not shown for the Schnerr-Sauer solution as it would not 
provide further insight on the comparison. The neglection of the re- 
entrant jet, together with the inherent overestimation of bubble 
growth that was already identified in Fig. 2, lead the Schnerr-Sauer 
model to overestimate cavity length while the more conservative pro
posed model is able to accurately predict the cavity endpoint (t /T = 0 
and t/T = 0.9). At t/T = 0.3, the shedding of a microbubble from the 
cavity can be spotted, leading to an increased unsteadiness at t /T = 0.6 
characterized by the formation of a series of re-entrant jets impinging 

the cavity interphase until final stabilization is attained at t/T = 0.9.
At σ = 0.78, the time evolution of the void fraction contours can be 

tracked at different nozzle planes to show the improvements with 
respect the Schnerr-Sauer formulation. This is possible thanks to Fig. 14, 
in which three locations (corresponding to x = 1 mm, x = 5 mm and x =

10 mm) have been chosen to monitor the vertical evolution of the α 
contours in Fig. 13. The results obtained by the Schnerr-Sauer model are 
depicted in black, dashed lines while the solid lines show the outcome of 
the calculations performed applying the proposed model, with a colour 
scale representing the non-dimensional time. As the x coordinate of the 
planes advances towards the nozzle outlet, it can be observed that the 
cavity width increases while the maximum void fraction decreases. The 
effect of the re-entrant jet is also shown in the results obtained by means 
of the proposed model, the void fraction near the walls being lower than 
the one calculated near the cavity interface. This effect is not reproduced 
by the Schnerr-Sauer contours, for which the void fraction exhibits a 
strictly increasing monotonicity when approaching the walls in contrast 
with the experimental evidence of re-entrant jet presence.

If the cavitation number is further reduced to σ = 0.65, the longer, 
more stable cavities observed in Sou’s experiments are also faithfully 
reproduced by the new model (Fig. 15) while the Schnerr-Sauer simu
lation fails at predicting the sharp cavity endpoint and the vapour-free 
recirculation areas close to the nozzle walls. It shall be remarked that 
flow unsteadiness is minimum in these conditions, and complete shed
ding does never take place with the cavities changing size but never 
condensing. These tendencies are replicated if the void fraction contours 
in Fig. 16 are analysed. It should be noted that the differences at variable 
non-dimensional time t/T are reduced with respect to the σ = 0.78 case, 
and the re-entrant jet is once again captured by the proposed model 
while the Schnerr-Sauer formulation still provides a strictly increasing 
monotonicity of α near the nozzle wall.

Finally, a phenomenon known as hydraulic flip was observed at σ =

0.55 during the experimental campaign by Sou et al., consisting on the 

Fig. 11. Normalized x and y components of bubble slip velocity.
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unsteady formation and condensation of cavities on alternative sides of 
the injector leading to flow asymmetry at low cavitation numbers. In 
order to test the ability of the current model to replicate the afore
mentioned flow features, the mesh symmetry in Fig. 5 is undone and the 
full 2D injector is used as the calculation domain. Although flow sym
metry still does hold during the first five shedding cycles, increased 
turbulence caused by the previously described re-entrant jet soon leads 
to an asymmetry that is maintained throughout the subsequent cycles. 
The void fraction contours arising from calculations using the proposed 
model are depicted in Fig. 17, where the transition from a symmetric 
regime at t/T = 0 to a fully developed hydraulic flip at t /T = 0.9 can be 
traced. The cavity length, however, is not replicated as accurately as for 
the σ = 0.65 and σ = 0.78 cases except for the t/T = 0.6 time step in 
which cavities span along the full length of the nozzle. This alternating 
behaviour is clearly visible in Fig. 18, in which the time evolution of the 
void fraction contours is depicted. An evident asymmetry arises between 
the α levels at positive and negative magnitudes of the y coordinate. The 
unsteady nature of the phenomenon is highlighted by the fact that this 
asymmetry is inverted at different time steps. For instance, at x = 10 mm 
and t/T = 0.3, the void fraction reaches a maximum of α = 0.18 in the 
positive (top) y coordinate, while no vapor phase is present in the 
negative (bottom) part. However, at t/T = 0.9, a maximum of α = 0.82 
is attained in the negative (bottom) y coordinate, while the maximum 
vapor presence in the top part of the graph is merely α = 0.02.

From the analysis of the discussed results, it can be concluded that 
significant improvement with respect to the Schnerr-Sauer model has 
been attained at the macroscopic flow level. This is due to the high 
turbulence inherent to the near-wall nozzle flow, for which the proposed 
turbulence corrections represent a relevant enhancement. The more 
conservative nature of the presented phase change source term also 

corrects the overestimation of cavitation that penalizes the Schnerr- 
Sauer model at higher values of σ, while the accuracy of the cavity 
length prediction at lower cavitation numbers is also improved.

4.3. Sensitivity to bubble population

Recovering Case 3 as the benchmark for parametric variations, the 
sensitivity of the results to bubble populations can be studied. Two 
different parameters, namely the total bubble population n and the 
initial volumetric average bubble radius R30, can be tuned in order to 
obtain different initial nuclei distributions. The effect of the total bubble 
count, however, is definitely trivial as the source term scales linearly 
with n (notice that, in (22), n appears both in the numerator and de
nominator but the latter is cancelled by the n− 1/3 present in the defini
tion of R30, which is raised to the third power). This property is not 
unique to the new model being presented, but a general rule in cavita
tion models instead. Changes in the initial bubble radius, however, do 
give rise to nonlinear variations as presented in Fig. 19. By increasing 
the initial bubble radius from 8 μm to 50 μm, a strong variation 
favouring cavitation inception at low α appears and alters the shape of 
the source term characteristics given by Fig. 3.

This inception proneness is translated to the numerical calculation of 
the injector flow, for which the results obtained at both values of R30,0 
are compared by means of Fig. 20, in which the cavity evolution under 
the greater R30,0 = 50 μm is plotted in orange colour to facilitate the 
comparison. As expected from the above discussion of Fig. 19, the in
crease in the initial bubble radius promotes a more severe cavitating 
regime; this is also in accordance with experimental results in other 
geometries (Pearsall, 1972), and allows to conduct a 
working-fluid-sensitivity test which may hold considerable interest in a 
wide range of applications such as turbomachinery flows. Despite the 

Fig. 12. Cavity evolution at σ = 1.27.
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similitude between the cavity morphologies observed at t /T = 0, the 
cavities corresponding to the higher initial radius consistently exhibit a 
longer span. At t/T = 0.6 it is also observed that the highly turbulent 
regime of re-entrant jets impinging the cavity no longer exists, being 
replaced by a more stable cavity instead; this leads to a faster recovery of 

the original morphology, and the length of the cavity at t/T = 0.9 is 
clearly greater than its R30,0 = 8 μm counterpart. As the working fluid 
used in the experiments by Sou et al. has a low non-dissolved air con
centration and a small average nuclei size, the close agreement between 
numerical and experimental cavity morphologies is impoverished when 

Fig. 13. Cavity evolution at σ = 0.78.

Fig. 14. Void fraction contours in selected planes at σ = 0.78.
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increasing the initial bubble radius.

4.4. Microbubble behaviour

Although the present model is aimed at providing a more accurate 
description of bubble behaviour, the validation methodology has mainly 
focused on the study of void fraction instead of microbubble size. Once it 

has been checked that the proposed model is able to introduce signifi
cant improvements in the macro-features of the flow, the current anal
ysis is concluded with an evaluation of its ability to reproduce the 
behaviour of single bubbles governed by the full Rayleigh-Plesset 
equation. For this purpose, the most critical flow pathline (i.e., that 
where the lowest pressure is attained) is extracted from the numerical 
calculations. The differential R-P equation is applied to the p∞(t) pres

Fig. 15. Cavity evolution at σ = 0.65.

Fig. 16. Void fraction contours in selected planes at σ = 0.65.
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sure history along this pathline in order to compare the obtained bubble 
size with that obtained from the α(t) history computed by means of the 
numerical model along the same pathline. In addition, the bubble size 
distribution computed by the Schnerr-Sauer model is also provided so as 
to allow a comparison with both the new model and the differential R-P 
results (which are given both for the static pressure history and for a 
corrected pressure given by Eq. (28)). Fig. 21 compares the pressure 

history (blue line) with the bubble size evolution given by the three 
aforementioned methods under analysis at σ = 0.78 (Fig. 21.a) and σ =

0.65 (Fig. 21.b).
At σ = 0.78, the Schnerr-Sauer model is unable to predict bubble 

presence because the static pressure along the pathline does never fall 
below pV ; consequently, a constant R/R0 = 0 is obtained. The proposed 
model, however, accurately replicates the behaviour of the full 

Fig. 17. Cavity evolution at σ = 0.55, showing hydraulic flip.

Fig. 18. Void fraction contours in selected planes at σ = 0.55.
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Rayleigh-Plesset equation while the turbulence correction is not rele
vant in this case. Equilibrium effects are also captured by the proposed 
model, for which R = 0 is never obtained and the bubble size returns to 
R/R0 = 1 as expected from the resolution of the full equation in differ
ential form.

On the other hand, relevant differences between the models are 

observed at σ = 0.65. The uncorrected full R-P equation clearly 
underpredicts bubble size as happens with the Schnerr-Sauer model. If 
the turbulent correction is applied, however, the solution of the 
Rayleigh-Plesset differential equation approaches the CFD solution 
attained by means of the proposed model. This discrepancy between the 
red, continuous and black, dashed curves is due to the 2D convective 

Fig. 19. Cavitation source term variation (R30,0 = 50 μm) with pressure difference compared to Schnerr-Sauer model.

Fig. 20. Cavity morphology variation with increased initial bubble size at σ = 0.78.
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transport of vapour, which increases the average bubble size in low 
pressure zones and cannot be considered in the present 1D analysis. 
What is more, the re-entrant jet effect introduced in the CFD calculation 
locally increases the vapour concentration in the critical pathline under 
analysis as depicted in Fig. 22. If the flow pathline obtained from a 
noncavitating calculation is used, the cavity endpoint is characterized by 

flow re-attachment (red line). However, when the developed cavitation 
model is applied, the re-entrant jet is modelled (blue line). This radically 
changes the pathline shape, convecting downstream vapor back up
stream and locally increasing the void fraction (and, consequently, the 
average bubble radius). In spite of this, the bubble breakup point is 
faithfully reproduced by the proposed CFD model and shows close 

Fig. 21. Detailed microbubble behaviour at σ = 0.78 (a) and σ = 0.65 (b).

Fig. 22. Modification of the critical streamline under cavitating conditions due to the re-entrant jet.
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agreement with the analytical solution.
The excellent agreement between the full Rayleigh-Plesset equation 

and the proposed model, especially at the near-inception conditions of σ 
= 0.78, confirms its suitability for the study of microbubble behaviour 
in the flow which would otherwise be neglected by the Schnerr-Sauer 
model.

4.5. Influence of turbulence modelling

The presented model is intended to be used in URANS simulations, 
including compressibility and turbulence corrections such as those 
provided by equations (5) and (29) for this purpose. However, it can be 
extended to more resolved approaches such as Detached Eddy Simula
tion (DES) without altering the modelling assumptions. Keeping the σ =
0.78 case as the validation benchmark, DES calculations have been 
performed with both the proposed and the Schnerr-Sauer model.

To maintain consistency with the previously presented URANS re
sults, Delayed Detached Eddy Simulation (DDES) (Spalart et al., 2006) is 
applied based on the realizable k − ε model. The compressibility 
correction for the turbulent viscosity in (5) is kept, and a CDES = 0.61 is 
applied such that: 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

URANS if CDES max
(
Δx,Δy,Δz

)
>

k3/2

ε

LES if CDESmax
(
Δx,Δy,Δz

)
≤

k3/2

ε

(32) 

This is, the solver switches between URANS and LES depending on 
the magnitude of the product of CDES and the maximum cell size, where 
Δi represents the computational cell length in the ith coordinate. In 
addition, the delayed solution method is used to prevent the activation 
of LES modelling inside the attached boundary layer, thus avoiding Grid- 
Induced Separation (GIS) (Menter, 2021). This way, the transport 
equation for the turbulent kinetic energy in the realizable k − ε model 
takes the form: 

∂(ρT k)
∂t

+∇⋅
(

ρT k V→→
)
= ∇⋅

[(

μT +
μt

σk

)

(∇⋅k)
]

+ Sk + EDDES (33) 

where the turbulent kinetic energy Prandtl number σk is set to unity and 
Sk represents the source term for k. The dissipation term EDDES takes the 
form: 

EDDES = − ρT εmax

(

1,
k3/2

/
ε

CDESΔ
(1 − FDDES)

)

(34) 

with FDDES being 1 for cells inside the boundary layer and 0 elsewhere.
In order to check the validity of the mesh to adequately resolve the 

turbulent scales, the cell size Δ can be compared to the integral length 
scale l0 (Hinze, 1975): 

l0 =
k3/2

ε (35) 

In Fig. 23.a, the ratio between the integral length scale l0 and the 
mean mesh size Δ (defined as the cubic root of the computational cell 
volume) is represented for σ = 0.78 in the nozzle throat section. It can be 
checked that the mesh resolution is greater than five cells per length 
scale. This allows to resolve more than 80% of the turbulent kinetic 
energy using LES, based on the integration of the Kolmogorov spectrum 
(Pope, 2013). The mesh resolution is lowest near the cavity interface at 
the throat section and at the nozzle outlet, with a minimum of l0/Δ =

0.95 that corresponds to a resolution capability of nearly 40%. As this 
would mean an insufficient mesh refinement for LES, the calculation 
method is switched to URANS in these zones as depicted in Fig. 23.b, 
where the magnitude of the blending function fb (whose value ranges 
from zero in pure RANS zones to one in pure LES zones) is represented. 
Apart from the previously mentioned high-turbulence zones near the 
cavity interface, it can be checked that the FDDES factor used to protect 
the boundary layer is being activated near the nozzle wall, where the 
integral length scale to mesh size ratio would be high enough to allow an 
adequate LES calculation. However, the blending function fb is set to 
zero to prevent grid-induced separation. In the light of the above, the 
mesh resolution is considered adequate for DES.

Having checked the adequateness of the computational mesh to 
apply DES, the σ = 0.78 case can be solved using both the proposed and 
the Schnerr-Sauer model. The comparison of cavity morphology for both 
methods is provided in Fig. 24, in which the void fraction contours at the 
different time steps along a cavity shedding cycle have been represented. 
When DES is applied, the Schnerr-Sauer formulation (at the bottom of 
the figure) is able to capture the unsteady shedding dynamics that could 
not be modelled in the URANS cases of Fig. 13 or Fig. 15. However, the 
overestimation of cavity length persists together with the neglection of 
the re-entrant jet. The proposed model, on its part, benefits from a 
higher resolution level in the Kelvin-Helmholtz instabilities (Podbevšek 

Fig. 23. Integral length scale to mesh size ratio (a) and DES blending function (b) at σ = 0.78.
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et al., 2021) that develop at the cavity interface, causing cavity shedding 
downstream the throat section. The re-entrant jet behaviour is still 
captured, although the liquid jet does not reach the cavity start point as 
happened in the URANS case of Fig. 13. The cavity length is adequately 
predicted, as well as the shedding frequency.

Hence, it can be concluded that, even though general improvements 
are attained for both the Schnerr-Sauer and the proposed formulation 
using a DES approach, strong differences persist. The presented model 
significantly improves the capabilities of the Schnerr-Sauer alternative 
in terms of turbulent interaction, cavity length and re-entrant jet pre
diction. In addition, it has been checked that it is valid in both URANS 

and DES approaches, thus being suitable for different applications with 
variable mesh resolution.

5. Conclusions

A cavitation model based on the Rayleigh-Plesset equation has been 
derived considering the interaction between bubble size and turbulence 
by establishing a vapour pressure correction factor. Bubble equilibrium 
and noncondensable gas effects are also modelled together with the 
consideration of liquid viscosity. Compressibility corrections of the 
turbulence model and the influence of slip velocity are also 

Fig. 24. Cavity evolution at σ = 0.78 using Delayed Detached Eddy Simulation.
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incorporated. The model has been validated by means of a comparison 
with the Schnerr-Sauer formulation and the experimental results of Sou 
et al. achieving close agreement.

The influence of slip velocity and bubble compressibility has proven 
to be negligible for the studied case. However, the study of bubble slip 
velocity contours reveals interesting flow features such as the existence 
of a strong negative slip (opposite to the global flow) zone in the vapour 
side of the cavity interface while significant positive slip favouring flow 
acceleration is observed in the liquid side. In this zone, slip velocities 
more than three times greater than the global flow velocity are observed.

Along the studied range of cavitation numbers, ranging from σ =
1.27 to σ = 0.55, the new model consistently improves the results ob
tained using the Schnerr-Sauer approach, correcting cavitation over
estimation at high σ and underestimation at low σ. The re-entrant jet 
phenomenon is captured in all cases, leading to cavity morphologies in 
close accordance with the experiments. In addition, the hydraulic flip is 
modelled at σ = 0.55, proving that not only the steady cavity behaviour 
but also the unsteady dynamics are being upgraded.

An improved modelling of individual bubble behaviour (especially at 
the microscopic scale), the introduction of a dependence of the source 
term on the initial bubble size that allows to carry out working fluid 
sensitivity studies and the enhanced cavitation-turbulence interaction 
can be counted among the strengths of the presented model, all of which 
are reflected along the validation process. The inclusion of second-order 
dynamics and bubble nucleation phenomena, as well as bubble-bubble 
interactions, are neglected and therefore represent an open field for 
future research and improvement.
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