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An analytical solution for cavitation inside a contracting nozzle is obtained applying free
streamline theory. The present mathematical model is derived for two different geometries,
representing sharp-edged and profiled nozzle shapes. The non-dimensional cavity profile,
width and length are obtained as a function of the nozzle contraction ratio and the cavi-
tation number. In addition, ideal flow assumptions and control volume theory are applied
to predict the mass flow choking characteristics of the nozzle as a function of the pressure
drop. This calculation is used to successfully validate the performance of the proposed
model against experimental results and Computational Fluid Dynamics (CFD) calcula-
tions, exhibiting close agreement in both cases. Pressure recovery after cavity breakup is
also calculated, and cavity condensation is modeled by means of a Homogeneous Relax-
ation Model (HRM) coupled to the pressure profile along the free streamline, allowing to
graphically represent the cavity morphology. The analytical solution being introduced is
therefore aimed at providing a valuable theoretical tool for the design process of injection
and atomization systems, allowing to perform a quick check on cavitation occurrence.

I. INTRODUCTION

The study of hydrodynamic cavitation from the experimental, numerical and theoretical stand-
points has been the subject of considerable research efforts in the field of Fluid Mechanics'?.
Among the classical cavitation problems, hydraulic pumps and turbines®, ship propellers* and
axisymmetric headforms® stand out as the most widely studied. More recently, however, cavita-
tion inside injector nozzles has attracted significant interest due to its potential benefits for spray
atomization®.

In all of the cases mentioned above, the phase change process of cavitation is known to begin
in the form of heterogeneous nucleation from preexisting bubbles termed nuclei’. For a pure lig-
uid in the absence of impurities and nuclei, cavitation inception would depend on homogeneous
nucleation. This leads to inception pressures below —70 MPa® even though the thermodynamic
conditions for phase change are already favorable at the vapor pressure py corresponding to the
working temperature. However, when enough nuclei are present in the fluid, evaporation occurs
at py. This is the case for most industrial flows in which the working fluid does not undergo a
degassing or deaeration process. The differences between nuclei-abundant and nuclei-free liquids
have been studied by Briangon-Marjollet, Franc, and Michel 9 or Venning, Pearce, and Brandner 10
More recently, Brandner, Venning, and Pearce 11 showed that while viscous effects, bubble transport
and boundary layer separation play a critical role in nuclei-deplete cases, pressure drop is the main
governing factor in nuclei-abundant flows. In such conditions, the agreement between two-phase
potential flow solutions'? and experiments is found to be very close.

A. Nozzle cavitation

The earliest work on nozzle cavitation dates back to the mid-twentieth century, when the foun-
dational experiments of Bergwerk 13 were conducted on diesel nozzles. Nevertheless, the interest
on the topic was laid aside until the 1990s, when momentum was recovered after the promulgation
of the first emissions regulations in the automotive sector. In the context of these investigations,
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the modifications induced by cavitation in jet patterns and flow features were found to have both
beneficial and pernicious effects.

On the one hand, in-nozzle cavitation promotes a higher atomization of the liquid being injected.
In the course of the experiments by Sou, Hosokawa, and Tomiyama '# on a two-dimensional con-
traction nozzle, it was found that the growth of cavities along the throat walls at low cavitation
numbers gave rise to a vapor recirculation zone characterized by an unsteady re-entrant jet regime.
As a result, the span of the outgoing jet benefited from a widening effect and droplets of smaller
size were formed. The experimental works by Yan and Thorpe !°, He and Ruiz '® or Kato et al. 7
described analogous trends, together with other phenomena such as flow choking at very low cavi-
tation numbers or air entrainment in the cavity wake.

On the other hand, the unsteady nature of cavitation is responsible for the rise of flow instabil-
ities that are generally undesirable and detrimental to smoothness in the operation of atomization
systems. The cavity shedding induced by the re-entrant liquid flow, as described by Karathanassis
et al.'® and explained by Wang and Zhang '°, promotes pressure and flow rate oscillations. In its
most developed stage, this regime is denoted hydraulic flip'#, and is characterized by and alternating
growth and collapse of cavities at each side of the nozzle throat, which a periodical deflection in
the outgoing jet. What is more, the collapse of cavitation bubbles near walls during condensation is
responsible for increased material erosion, reducing the lifetime and reliability of injection systems.
Recent studies conducted by Ozgiinoglu et al. ** and Wang, Cheng, and Ji2! have shown that noz-
zle walls are prone to experience a loss of material in the zone closest to the cavity collapse point,
compromising the structural integrity of engines and altering the injector geometry.

Two well-defined cavity morphologies are known to take place in nozzle cavitation, namely geo-
metrical and string cavitation?>?3. String cavitation is observed in axisymmetric nozzles, and is due
to the pre-rotation induced on the inlet flow by the injector needle?*. The mechanisms governing
this type of morphology coincide with those operating for the well-known vortex rope developed
in Francis runners®: when a swirling flow is promoted, a low-pressure vortex core is developed
and cavitation takes place. In the case of geometrical cavitation, flow separation is the main factor
determining its occurrence®. The sudden acceleration of the flow, especially at very small nozzle
contraction ratios, promotes high velocities that substantially reduce the static pressure. In addition,
sharp-edged geometries lead to severe vena contracta effects, creating a low-pressure recirculation
region in which cavities grow. Geometrical cavitation is the main area of study in nozzle cavitation,
as it produces flow choking resulting from the section reduction motivated by cavity growth?’. In
addition, a controlled state of geometrical cavitation has the potential to improve atomization, as
well as increasing the jet opening angle at the outlet of the nozzle'*.

The prediction of cavitation occurrence in injectors (both for swirling and geometrical morpholo-
gies) is currently based on multiphase Computer Fluid Dynamics (CFD) calculations. Different
modeling approaches have been followed, with variable degrees of physical accuracy and com-
putational cost?®. Multiscale Eulerian-Lagrangian models like the ones developed by Hsiao, Ma,
and Chahine ? or Vallier3° switch between a homogeneous flow assumption and a Lagrangian de-
scription of single bubble dynamics. These formulations, although very accurate, have a very high
computational cost. Single bubble behavior in such models is controlled by the Rayleigh-Plesset
equation®'. Conversely, homogeneous mixture models are computationally efficient and represent
the most widely used solution at both the industrial and academic levels because they allow to model
both dispersed bubbles and macrocavities®2, as well as offering the possibility to couple a population
balance model to increase precision®>. The phase change source terms of these models are based
on a simplified version of the Rayleigh-Plesset equation, namely the Rayleigh equation®, that ne-
glects viscosity, surface tension and second order dynamics. The Schnerr-Sauer model®> must be
mentioned as the most popular among them due to its simplicity and numerical stability.

In spite of the existence of multiphase CFD models allowing to predict the cavitation charac-
teristics of a nozzle during the design stage, there is an evident lack of analytical knowledge that
could be helpful during the early phases of injection system design. This gap is currently filled by
empirical correlations for the inception and development of cavitation®®. However, this is not the
case for similar cavitation problems such as cavitation around a sphere'? or in a blade cascade’’,
both of which have well-known analytical free streamline solutions.
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B. Free streamline theory

Free streamline theory has traditionally been the best tool for the analytical study of cavitating
flows, with extensive mathematical efforts being devoted to its development®®3?. The use of these
mathematical methods, however, is not restricted to cavitation. Analytical solutions for the outlet
jet from an aperture®”, the flow entering a Borda mouthpiece*!, the Coandi flow past a flat plate*?,
the jet flow from an orifice*!, the flow past arbitrary-shaped obstacles*?, the flow past a rotating
cylinder** or a Joukowsky airfoil*> have been developed, among others. Most of the aforementioned
flows are either separated (obstacle, cylinder) or have a liquid-gas interface (jet, orifice, Coanda).
This is due to the fact that the assumptions of potential flow neglect viscous effects, the obtained
solutions being more accurate as the influence of the boundary layer is reduced.

The solution method for a free streamline problem is generally based on conformal mapping
of the hodograph corresponding to the streamline of interest. Along this streamline, the velocity
modulus and direction vector must be known at certain control points, and the evolution of pressure
and velocity between these points is obtained as a result of the calculation. Problem closure is
provided by the irrotational flow assumption, with a zero curl for the velocity field V:

VxV=0 (1)
Which, in two dimensions, implies that:

du Jv

- 2

dy ox @

where u and v are, respectively, the velocity components in the x and y Cartesian coordinates. Using
equation (2) and the information available at the control points of the streamline, the velocity along
the streamline is first represented in complex coordinates and later mapped through conformal trans-
formations to a more convenient domain where V can be integrated in space to find the coordinates
(x,y) of the streamline profile.

Besides the basic potential flow assumptions described above, the theoretical background for the
present work is based on the notched hodograph method proposed by Roshko**, in which the cavity
closure is modeled as a straight line (or notch) in the hodograph plane.

C. Overview

Attending to the theoretical knowledge gaps that have been identified along this introductory sec-
tion, the present work is aimed at developing an analytical solution for geometrical cavitation in
a two-dimensional nozzle. This solution, based on free streamline theory, is calculated for both
sharp-edged and profiled nozzle shapes, thus allowing to study the influence of the geometry up-
stream the throat section. In first place, the problem statement is discussed, including all the relevant
assumptions and simplifications needed to guarantee the existence of a unique solution in the sharp-
edged and profiled cases. Subsequently, the mathematical development of the solution procedure
is detailed (keeping the distinction between sharp-edged and profiled nozzles). This includes the
definition of the complex velocity potential, the establishment of ancillary solution planes and the
translation from the hodograph plane to the positive real axis through the necessary conformal map-
pings. Afterwards, the results arising from the application of the model are presented and discussed.
The problem solution is provided in the form of graphs intended to facilitate the interpretation, as
well as providing a quick design tool for industrial and academic practitioners. Special attention
is paid to differences motivated by changes in the angle and shape of the nozzle wall, as well as
the throat contraction ratio. The experimental work of Winklhofer et al. *° is used to validate the
model, whose performance is also compared with the numerical results from Payri ef al. *’. Finally,
conclusions are drawn from the results presented, and suggestions for future works are included.
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FIG. 1. Problem geometry and statement for the sharp-edged nozzle. The free streamline is depicted as a solid
blue line, showing the locations of the four points of interest A, B, C and D.

Il. PROBLEM STATEMENT

The first step to be undertaken in the solution process of any free streamline problem is the defini-
tion of a clear statement. In this spirit, assumptions and simplifications need to be applied in order to
allow an analytical (and unique) solution of the equations. Besides the well-known simplifications
inherent to potential flow such as neglecting viscous and rotational effects, additional adjustments
are performed based on both elementary fluid dynamic principles or experimental evidence. Along
this section, the sharp-edged and profiled nozzle cases will be separated for the sake of clarity. In
any case, the flow inside the nozzle will be characterized by means of two parameters, namely the
geometrical contraction ratio u:

h
b=5 3)

where £ is the outlet width and H the inlet width, and the cavitation number o'

(p2—pv)
T V12 )
TANE]

Where p; is the outlet static pressure, py is the vapour pressure, py, is the liquid density and |V | is
the outlet velocity modulus.

A. Sharp-edged nozzle

The geometrical parameters defining the problem formulation for the sharp-edged nozzle are
shown in figure 1, where the walls are depicted in black solid lines, the boundary conditions are
plotted in gray and the free streamline profile is represented in blue. The Cartesian two-dimensional
complex plane is denoted Z, the real part corresponding to the axial (horizontal) coordinate and the
imaginary part identifying the radial (vertical) coordinate. The unit vector in the axial direction is
termed I, while the unit vector in the vertical direction is called J following classical notation (if the
flow were axisymmetric instead of two-dimensional, this coordinate would correspond to the radial
direction).

The complex velocity V7 at each location in Z can then be expressed in complex exponential
notation (using the complex conjugate):

V= |Vl]e ™ 5)

4
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Which can easily be converted to vector notation:
V =ul—v] =Re(Vz)I+Im(Vz)J (6)

Four characteristic points A, B, C, D are identified in the free streamline, each of which must
have a known velocity modulus |V| and argument 6:

« For point A, located at upstream infinity, both the modulus and argument are known. Re-
garding the modulus, the inlet flow has a known velocity magnitude |V| . In addition, as
this point is located at upstream infinity, the argument 0 is trivially zero, i.e. the inlet flow is
purely axial (horizontal):

Via=1[V
{;to‘” @

At point B, located at the inlet corner of the throat section, the flow is assumed to be perfectly
guided and hence the complex velocity has an argument of —¢. The velocity magnitude,
however, is unknown a priori. Nevertheless, point B denotes the cavity start point and the
static pressure is therefore known to be equal to py at the saturated liquid-vapor interface:

{‘VIB = |V|mvity (8)
GB = -

Hence, this information can be used in a more advanced step to find out the velocity magni-
tude. It shall be noted that the cavity start point may not necessarily coincide with the throat
corner in a real nozzle, as the evaporation process is not instantaneous. However, experimen-
tal evidence'# has shown that the difference between the cavity startpoint and the throat inlet
is negligible from a practical standpoint.

Point C is located at the cavity endpoint, where the pressure is still equal to py. Consequently,
the velocity modulus will be the same as for B. Regarding the argument, the flow is considered
to be perfectly aligned with the axis, meaning that:

{Wk:wm:wmm ©

0c =0

At downstream infinity, denoted by D, the velocity magnitude is equal to [V,| . Although |V;|
is not among the problem data, it can be deduced from continuity. However, the real outlet
section of the flow is also unknown, as it is not related to the nozzle height £ but to the cavity
height &, instead. Unfortunately, & itself is part of the solution, therefore giving rise to an
implicit problem. The argument at D is known, as the flow is axial at downstream infinity:

Vip=1|V
{Qto\ﬁ (10

From the point-by-point analysis of the free streamline, it becomes clear that the velocity moduli
at D and C (coincident with the modulus at B) represent the only unknowns whose value must be
found before proceeding with the solution.

In first place, continuity is applied between points A and D in order to find |V;|. In single-phase
liquid flow, the relationship between |V | and |V»| is straightforward:

H
PLH|V1| = prhlVa| = [V2| = 5-|Vi| (11
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However, the outlet flow is contracted due to the presence of a cavity, and the real outlet height is
he due to flow separation. This assumption is analogous to that employed by Ambrose*® for the
calculation of head losses in miter bends, and allows to rewrite continuity for the liquid phase as:

H
(V2| = ;‘Vl‘ (12)

It shall be remarked that the above equation is only valid for steady flow, and assumes that flow
separation remains downstream the cavity even though the static pressure has already risen above
pv. The cavity is modeled as strictly vapor-filled along its span, with the free streamline marking the
liquid-vapor interface. Such assumption is common in the analytical assessment of separated flows,
even in single-phase scenarios. Besides the work of Ambrose*®, this downstream persistence of
flow separation was also assumed by Chu*® or Mankbadi and Zaki> to solve the flow in arbitrarily
turned bends, and by Smith and Duck>! to solve the wake behind an arbitrarily shaped constriction
in a closed channel. As the flow is separated in these regions, its velocity is considered negligible
and the continuity equation (12) thus holds instead of (11). This assumption is essential to allow
a mathematical closure of the model, as the computation of a recovery region for the initial width
h after the cavity endpoint requires the definition of additional points (together with additional
assumptions on the concavity of convexity of the streamline in this region) that would make the
problem statement incompatible with an analytical solution by conformal mapping.

Once the magnitude of the outlet velocity has been found out, |V|caviry at the cavity interface can
be expressed as a function of | V3| following Bernoulli’s theorem between C and D:

1 1
EPL\V\gavirﬁPv = EPL\V2\2+P2 13)

Rearranging the terms, it is possible to relate |V|cayiry and |V,| through a proportionality constant k

|V|Cavity = k‘VZ‘ (14)
which is a function of the cavitation number:
VPR VPRI j2 = v
‘ ‘mw/y ‘ 2| %PL %PL\VZ\Z c (15)
k=+v1+0

The velocity at the cavity is therefore greater or equal than the outlet velocity, as ¢ > 0. The use of
such constant k and its definition are common to free streamline problems involving cavitation (see
for instance Brennen ! or Wade 37). Combining the above expression with the results obtained from
continuity, it becomes clear that the cavity interface velocity is a function of the cavitation number
o and the flow contraction ratio U., which is also a function of the geometrical contraction ratio
and the cavitation number o:

A%
IV |cavity = '“—”\/1 to (16)
X

With the previous results, all the information needed at the points of interest for the free streamline
is available, as summarized in table I.

Finally, attention should be drawn towards the projected points A’, B’, C* and D’ shown in figures
1 and 2. In these locations, the velocity is always axial and its magnitude varies from |V|| to [V5|
following a trend that is not necessarily known, but will be given by the final solution instead.

It should be noted that the above application of Bernoulli’s theorem between C and D implicitly
entails the assumption of steady flow. In certain practical applications, however, the unsteady time
evolution of cavity morphology may be of interest. Transient effects arising in response to distur-
bances or step changes (such as the injection of fuel in engines) can also be analyzed, in which case
the unsteady form of the Bernoulli equation needs to be retrieved>?:

99 Lo o pe—py 1o fu=92
~|Vo|? = Y gx 17
a7 AV =T Ve ok (17)
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Point|Modulus, [V[|Argument, 6 | Pressure, p
A | [Val/ue 0 i
B K|V, -a pv
C k| V2| 0 pv
D V] 0 P2

TABLE 1. Available information for the free streamline points in the sharp-edged nozzle.

where 7 represents time. If a far-field perturbation is imposed either on pressure or velocity (this
can affect either the inlet or outlet conditions as the o point can be taken both infinitely upstream or
downstream the cavity), then the velocity potential ¢ , as defined in the Solution Procedure section,
will evolve according to equation (17). Taking first order centered differences, a numerical solution
can be achieved:

Peo, 7 — PV 1 2 2
rrT = D ns Doy 7PV | - —Vol3
74872 =P7-07)2 +A9[ o T3 (\V\m | ‘P\y)} (18)

If the steady flow field that is calculated in the present work is taken as the initial solution for the
unsteady calculation following equation (18), then the dynamic response of cavity size and mass
flow rate to pressure and velocity perturbations can be found numerically for a given pw(7) or
V() distribution. Thermal effects can also be included through the vapor pressure, which can
vary with time as py (.7) to account for transient heating effects (e.g., temperature increase inside a
combustion chamber). Although such transient analyses would yield interesting results, the present
work is focused on steady-state solutions, and therefore, equation (13) is applied.

B. Profiled nozzle

The problem statement corresponding to the profiled nozzle is analogous to that described for
the sharp-edged case, and the continuity and momentum conservation equations also apply. Con-
sequently, the difference between this problem and that of sharp-edged nozzle is not related to the
information at the points A, B, C or D, all of which are depicted in figure 2. Attending to this
schematic, it is clear that the approximation path of the streamline towards point B is smoother for
the profiled nozzle, even though the final angle o is the same. In the light of the above, the values
in table I are also true for the profiled nozzle case. The solution procedure, however, will present
substantial differences.

11l.  SOLUTION PROCEDURE

The solution procedure of every free streamline problem comprises three well-defined steps,
namely: the definition of a hodograph plane, the conformal mapping from this plane to the com-
plex velocity potential and the integration of the complex velocity potential to obtain the streamline
profile in the Cartesian plane. The last step is in fact the one conditioning the whole derivation pro-
cess, as it defines the ancillary plane on which the hodograph needs to be projected. The complex
potential is defined as:

w=g+iy (19)

where the real part ¢ is called velocity potential and the imaginary part y is the stream function,
such that the velocity components in Z can be expressed as:

u=12¥
v:j{,l (20)

7
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FIG. 2. Problem geometry and statement for the profiled nozzle. The free streamline is depicted as a solid blue
line, showing the locations of the four points of interest A, B, C and D.

Hence, the complex conjugate of the velocity vector can be written as:

dw
Vz=— 21
7= 2n
And the streamline profile in the Cartesian plane is straightforwardly obtained by integration:
dw
=[— 22
v, (22)

Unfortunately, the above expression cannot be evaluated until the complex velocity V7 is not ex-
pressed as a function of w. In addition, the integral presented is, in fact, a line integral along the
streamline profile in the complex w plane. Therefore, its transformation into a single-variate integral
along the positive real axis is highly convenient. In order to map the complex potential plane to the
positive real axis of an arbitrary ¢ plane, the free streamline of interest must first be represented in
the w plane. Although the velocity potential ¢ is part of the final solution, the magnitude of the
stream function can readily be found out by integration:

y= [ udy 23)
For incompressible, inviscid flow in a two-dimensional geometry (featuring constant thickness b

perpendicular to the Z plane), this stream function must be constant to ensure that continuity is
fulfilled. Thus, it is only needed to evaluate y at the nozzle inlet, where:

H
V== /0 Vi |dy = H|V/| (24)

Applying continuity, the stream function will also be related to the outlet speed by:

he
V= o= [ IValdy = hIVa| = Hpe Vol (25)

In the light of the above, the complex potential representation of the sharp-edged and profiled nozzle
hodographs is provided in figure 3.a. As the vertical coordiante of the projected axial points A’, B,
C’ and D’ is zero, their stream function is also null and they are located in the real axis. For the same
reason, point B.B’ is located at ¢ = 0, as it is forced to match the Cartesian origin of coordinates
where x = 0. Points A, A’ and D, D’ are respectively located at upstream and downstream infinity,

8
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FIG. 3. Complex potential representation of the free streamline for the sharp-edged and profiled nozzle
hodographs (a) and mapping to the ancillary domain 7 (b).

as it corresponds to their position in the Z domain. Finally, the velocity potential of C, C is still
unknown as the cavity endpoint cannot be known beforehand. Instead, the value of ¢ arising from
the calculation will be used to determine the cavity length in Z.

Thus, the complex potential can be represented as shown in figure 3.a, taking the form of an
infinite strip in the upper half (first and second quadrants) of the complex plane. Its mapping to the
positive real axis is carried out through the well-known transform™”:

w=1i ‘Vzl[.lL-H

(‘H
- % nle| 26)

Applying this conformal map, the hodograph plane in 3.b is attained. Point A is mapped to t = oo,
point B is mapped to ¢ = 1 and point D is mapped to ¢ = 0, while ensuring that point C will fulfill:
te€(0,1) @7

If the integral of the free streamline profile is to be evaluated along 7, a change of variable must be
performed, for which the derivative of w with respect to ¢ is retrieved:

diw |V2|IJ'CH1

— 28
dt Tt 28)
Finally, the streamline profile is expressed as:
X |Va|pH dt /1 |ValueH dt
Z= p= — PR o f AR 29
Xy / ¥ tVz Jt Vs tVz ( )

where C is an integration constant. It should be remarked that the integral along ¢ is evaluated
between ¢ and 1, as ¢ = 1 is the origin of the coordinate system. Integration from¢ > 1tot =1 can
be used to compute the nozzle profile, while integration from r < 1 to ¢ = 1 yields the cavity profile.
Att =1, i.e. point B, it is known that the vertical coordinate of the streamline is equal to uH, so
that the integration constant is:

VVo|peH dt
'H:C—/7—$C='H 30
ip : T 1V i (30)
The last step that is needed to undertake to find the streamline profile in the Cartesian plane is the
conformal mapping of Vz onto ¢, which follows a specific path for each nozzle geometry. For this
reason, the hodograph transforms applied in the two cases under study will now be separated for the
sake of clarity.
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Point |Real part, Re(Q) | Imaginary part, Im(Q)
A In(1/pc) 0
B In(1/k) -0
C In(1/k) 0
D 0 0

TABLE II. Conformal mapping of the free streamline points in the sharp-edged nozzle onto the Q plane.

A. Sharp-edged nozzle

The first step in the conformal mapping procedure for the sharp-edged nozzle hodograph com-
prises the definition of an ancillary Q plane:

V2] [Va| .
Q=In——=In—+i6 31
v, V] (B

Following this transform, the coordinates of the Vz points presented in table I are mapped to their
new values in table II. As it has been previously stated, k > 1 and therefore the real part of Q for
B and C will be lower than or equal to zero, Re(Q) < 0. On the other hand, as u. < 1 the real part
of D will be strictly greater than zero, Re(Q) > 0. Finally, when dealing with a contracting nozzle,
the angle o will be strictly greater than zero, meaning that the imaginary part of Q at B will be
strictly lower than zero, Im(Q) < 0. In addition, it is known that the axial points A’, B’, C’ and D’
have a constant argument 6 = 0, so they must be located along the real axis between D and A. With
this information, the corresponding hodograph can be represented in the Q plane, as depicted in
figure 4. The path from B to C is covered at constant velocity (that is, the cavity interface velocity)
and therefore the real part of Q remains unchanged while the imaginary part ranges from —ic to 0.
From C to D, the velocity modulus changes while the argument is kept constant. For this reason,
the path in Q is represented along the real axis, the same as for D’-A’.

The path from A to B is not known and its hodograph should be assumed, depending on the
nozzle geometry. In a sharp-edged nozzle, the streamline would first need to undergo a slight
deceleration while the velocity direction vector is directed towards the nozzle throat, followed by a
quick acceleration (at constant /m(Q)) during the approximation to the throat corner B. In order to
find an analytical solution to the problem, the shape of this streamline will be modeled as a quarter
of ellipse. This simplification is intended to represent the best mathematical approximation to B
from A that ensures a nearly constant inlet angle for the flow entering the throat as it corresponds to
a sharp-edged nozzle, although the nozzle wall profile far upstream point B is not being represented
with full accuracy.

At this point, it shall be reminded that the objective of the solution procedure is to map the Q
domain to the 7 real axis. For the sake of readability, the mapping process that will be followed in the
forthcoming is summarized in figure 5. The original hodograph in Q is first scaled and displaced to
the fourth quadrant, after which it is mapped to a quarter of the unit circle in Q”. From this point on,
the mathematical derivation coincides with that of the notched hodograph proposed by Roshko **,
comprising the mapping to the first quadrant in Q”, the mapping to the real and imaginary axes in
x and the final transform onto the ¢ plane. The Roshko hodograph, originally derived for external
flows, is used in the present derivation because it provides a steady-state solution and ensures the
existence of a solution through the use of conformal mapping, even though it implicitly neglects re-
entrant jet dynamics. After this preliminary overview, a more detailed explanation is now provided
for each of these conformal mappings.

The first transformation that needs to be performed is the scaling and displacement of the hodo-
graph in Q to obtain a quarter of ellipse centered at the origin whose major axis has unit length.
This is achieved through the Q-Q’ transform, formulated as:

o-4 (Qfln <1>> (32)
ap k

10
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A

a
0

FIG. 5. Conformal mappings applied from the Q to the ¢ plane in the sharp-edged nozzle hodograph.

where a is a scaling parameter and ao the semi-major axis length in Q. The scaling parameter a is
given by:

= —— (33)

where b stands for the semi-minor axis length in Q.

The previous mapping was performed as a necessary requisite for the Schwarz transform to be
applied®>. This transform allows to map the interior and the perimeter of an ellipse with unitary
semi-major axis to the interior and the perimeter of a unit circle, and has the form:

Q" =V sn (2% arcsin (Q’),)LZ> (34

The evaluation of this transform is far more intricate than that of the previous ones, as it comprises
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the use of the Jacobi elliptic function sn with parameter A2. The A parameter is calculated by means
of the Jacobi theta functions 6, and 65:
0,9)\
l=<(h( ﬁ/)) 35)

63 (qu)

and the x constant is also found using the theta function 63:

k= 2(63(0.9) (36)

where the Jacobi theta functions with nome ¢ are calculated as follows>*:

by 4 [0:00.9) =244 T (~1yq0+)
g= ( ) o 37
03(0,) =142 X ¢"

The application of this transform yields a quarter of the unit circle located in the fourth quadrant.

Subsequently, the resulting hodograph is mapped onto the first quadrant in Q" so as to facilitate the
subsequent steps:

2 (Q+1
e n (S5 o9

The circle perimeter is now projected on the positive real and imaginary axes, for which the
Joukowsky > transform is retrieved:

1 1
X = E (QW + @) (39)

Finally, the Roshko** transform is applied to map the hodograph in ¥ to the ¢ axis:

A2t y?
= 40
A +1 “0
where the ancillary constant A is given by:
-1 1
POt L ) 1)
2y L—xp

with yp denoting the complex coordinates of point D in the ) plane (purely imaginary).

At this point, the relationship between Q and ¢ has been fully derived. However, the use of the
Schwarz transform in 34 greatly increases the difficulty of an analytical evaluation of the integral,
which should instead be calculated numerically in the Results and discussion section.

B. Profiled nozzle

The initial transformation to be performed in the profiled nozzle case is identical to that used for
the sharp-edged nozzle. Despite this, the new hodograph plane will be named I" so as to allow an
easier differentiation:

V2| [Va| .
I'=In =In +1i0 (42)
Vz [Vz|
Downstream point B, the hodographs for the sharp-edged and profiled nozzles are coincident, and
the difference between both cases lies upon the shape of the approximation path A-B. Clearly, the
shortest approach in I is a straight line, as employed by Howe*? for the discharge of a jet from a
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FIG. 6. Mapping to the I" plane in the profiled nozzle hodograph.

profiled nozzle. Under this simplification, the hodograph in I" has the appearance shown in figure
6. The fact that the shape of the hodograph is a triangle allows to apply the Schwarz-Christoffel
transform, that maps the interior of any polygon to the complex upper-half plane. Consequently, the
perimeter of the polygon is mapped to the real axis, which can conveniently be chosen to match the
t plane. The Schwarz-Christoffel map f(¢) from the upper half of the complex plane to the interior
of any polygon is given by Driscoll %:

rn—1
76 = flw)+ [ TT(E 1) de @)
fo j=1

where ¢; represent the prevertices of the polygon in the ¢ plane, such that:
HH<th<..<tp=o0 (44)

and 7a; are the interior angles at the j"* vertices, fulfilling that:
n
Yoa=n-2 (45)

From this definition, it becomes clear that:

* One of the prevertices (in this case, the one corresponding to point A) must be located at
infinity in the ¢ plane.

 The transformation has three degrees of freedom (M&bius transformation), and therefore three
of the prevertices can be chosen beforehand. As the 7, prevertex is already fixed, two degrees
of freedom are left for the remaining prevertices.

« If more than two prevertices are left, their values cannot be arbitrarily assumed, and the nu-
merical solution of a so-called Scwharz-Christoffel problem is required>>.

Trivially, when dealing with a triangular hodograph only three prevertices are commonly needed.
However, in the present problem a fourth vertex D is introduced. The location of this vertex in ¢
must coincide with the origin of the complex plane, and this cannot be guaranteed if the mapping
f(2) is found using A, B and C as prevertices. In addition, the prevertex #c corresponding to point
C is not known, meaning that it cannot be used to compute the parameters of the transformation.

A convenient choice of the fy prevertex, forcing it to match the coordinate 7p = 0 for point D,
allows to solve the Schwarz-Christoffel problem enunciated above:

tn—1

f(t):C/O Hl(r—t_,.)ar‘dr (46)
Jo i
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In addition, ¢4 , tp and #c are chosen as the prevertices, whose corresponding vertices in I" are
respectively located at:

Tp = In(1/pe)tg = oo
FB:ln(l/k)fioc,tB:I 47
I'e= ln(l/k),t(; =c

It should be highlighted that an additional unknown ¢ has arisen, standing for the coordinate of point
C in the real axis 7 of the transformed plane. Hence, two unknowns, namely C and ¢, must be found
in order to fully define f(z). Using the available information, a nonlinear system of two equations
can be formulated:

Tp=f(1)=In(1/k) —ia = C [§ —“——
= (T—c)f(rfl)ﬁ‘l (48)
Le=f(c)=In(1/k)=C [ %

) (e—)FHT
where Vv is the internal angle at B in the I plane, namely:
a
Vv=arctan | ————————— (49)
(ln(l/uc) - ln(l/k)>
From I'g = f(1), the value of the constant C can be extracted:

_ In(1/k) —ict 50)
Jo (z=e) 2 (= 1)75 dr

And, by plugging this constant in the I'c = f(c) equality, the final nonlinear equation to be solved
is found:
In(1/k) —ia ¢ dt
1 ! l/ ) v_1 / 1 v 1 =In(1/k) (51
fy (r—c) Ha—1) 5 hath (roobr-nitt =

LHS

RHS

For this equality to be met, the imaginary part of the left hand side LHS must be zero as the right
hand side RHS is a pure real number. What is more, this real part must be equal to In(1/k). As
a result of the previous steps, the only possible value of ¢ that makes Im(LHS) = 0 is the one that
yields LHS = RHS because ¢ has already been implicitly introduced in the equation through the
angle v. In figure 7, this is shown for a case in which:

oa=mx/2
e =0.1 (52)
k=15

By plotting Im(LHS) in solid lines and Re(LHS) in dashed lines, it can be checked that the only
value of ¢ for which it holds that LHS = RHS is also the only value of ¢ for which Im(LHS) = 0.
This graphical representation can therefore be used to show intuitively that the conformal map f(z)
that is calculated by solving for c is a unique solution for the Schwarz-Christoffel problem.

Using the value of ¢ that has been derived from the previous computation as defined in figure 7,
the dummy plane # can be related to the hodograph plane I through f(¢). It shall be remarked that,
although the mathematical complexity of the transformation is greater than that of the sharp-edged
nozzle, the mapping from I to ¢ has been performed in a single step for this case.

C. Integration

Through conformal mapping, the relationship between the hodographs Q, I" and the real axis ¢
has been derived for both the cavitating sharp-edged and profiled nozzles. The final step of the
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FIG. 7. Graphical representation of the numerical solution for the Schwarz-Christoffel mapping in the profiled
nozzle hodograph, showing the uniqueness of the solution.

solution procedure is the introduction of these expressions in equation (29), substituting V:

(53)

{Z(l) =iuH — %fti %dl’ (sharp — edged)
Z(t) = ipH — Y= [1 < —dt (profiled)

As it has been previously stated, values of # > 1 yield the points of the nozzle wall while 7 < 1
represents the free streamline profile. Hence, the zone of interest for practical purposes is the
interval t € (0,1): the cavity profile is described between #z and 7c, while the cavity wake where
vapor condensation takes place is located between ¢ and 1p.

In order to directly obtain the section reduction p. without evaluating the whole interval #3-fc, an
asymptotic solution similar to the one proposed by Howe*? can be used. At downstream infinity,
namely at ¢ — 0, the imaginary part of the streamline complex coordinate /m(Z) will be equal to
u.H. Therefore, Z(0) in equation (53) can be replaced by iu.H and the resulting expression can be
solved for the geometrical nozzle contraction p:

Q(7)

d’c)) (sharp — edged)

= U 1+%Im _ﬂleT
m)d’r)) (profiled)

(54
w=pe (14 Lm (f &

The results arising from the application of the presented model will be commented in the following
section, in which a comparison with experiments and numerical multiphase calculations is also
included.

IV. RESULTS AND DISCUSSION

The derived model has the capability to predict cavity width, length and shape for different nozzle
geometries as a function of the cavitation number ¢ and the nozzle contraction ratio u. For this
reason, it has been considered appropriate to present the results in the form of graphs relating these
variables along a range of geometrical parameters. The aim of this format is to provide a direct
graphical tool for engineers working in the early stages of injector development, where a quick
check on cavitation occurrence and expected cavity size can significantly streamline the design
process. The following variables will be presented for nozzle contraction ratios between u = 0.05
and p = 0.25 in 3 intervals, each of which will cover nozzle angles ¢ between 90° and 30°, in 15°
intervals:

* The non-dimensional cavity width, w,/h , as deduced from equation (54).
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FIG. 8. Dependence on o of the non-dimensional cavity width (a) and length (b) for a sharp injector with
o =90°.

a b
05 (@) 10 (b)
=005
04 ——p=0.15 08
—u = 0.25
. 03 06
= <
s 3
02 04
0.4 02
0.0 00
0.0 05 10 15 20 0.0 05 1.0 15 20
I o

FIG. 9. Dependence on o of the non-dimensional cavity width (a) and length (b) for a sharp injector with
a =75

* The non-dimensional cavity length, /. /h (between B and C), obtained as the real part of the
solution for equation (53) when r = c.

This information will be displayed for both the sharp-edged and the profiled nozzle geometries,
and an additional Validation section is provided so as to compare the performance of the proposed
model with experimental data.

A. Sharp-edged nozzle

The analytical results of predicted cavity width and length for the sharp-edged nozzle are provided
in figure 8, figure 9, figure 10, figure 11 and figure 12, each corresponding to o = 90°, o = 75°,
o =60°, oo =45° and @ = 30°, respectively. In all cases, the cavity width increases with decreasing
cavitation number up to a bounded magnitude at ¢ = 0. Conversely, the cavity length exhibits an
asymptotic growth at ¢ — 0, where /./h tends to infinity. A comparison between the results
at different contraction coefficients for any nozzle wall angle o immediately reveals that stronger
contractions (lower pt) lead to increased cavitation proneness. The evolution of the cavity size with
the contraction ratio is not linear. Instead, cavity growth is accentuated near the smallest values
of u. This trend must not be attributed to a higher flow speed when decreasing the throat section,
as the cavitation number ¢ has been defined with respect to the outlet velocity. Instead, the flow
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FIG. 10. Dependence on ¢ of the non-dimensional cavity width (a) and length (b) for a sharp injector with

o =60°.
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FIG. 11. Dependence on ¢ of the non-dimensional cavity width (a) and length (b) for a sharp injector with

o =45°
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FIG. 12. Dependence on ¢ of the non-dimensional cavity width (a) and length (b) for a sharp injector with

o =30°
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FIG. 13. Dependence on o of the non-dimensional cavity width (a) and length (b) for a profiled injector with
o =90°.
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FIG. 14. Dependence on ¢ of the non-dimensional cavity width (a) and length (b) for a profiled injector with
o =75

mechanism explaining this increase in relative cavity size is the sharpness of the approach towards
point B, which enhances separation at low u and thus increases the vena contracta effect. This
reasoning is reinforced by the reduction of differences in cavity width and length as the & angle
is lowered. Under the conditions being studied, flow separation and the vena contracta are the
mechanisms leading to the formation of vapor cavities.

Attending to the presented results, the nozzle angle is also shown to play a key role on cavity
development. The reasons for this effect coincide with those motivating the appearance of larger
cavities at lower contraction ratios: when the approach angle « is sharper (i.e., closer to 90°), the
flow is separated and cavities form in the low pressure region. In real practice, milder approach
angles lead to longer and more slender nozzles (especially at low contraction ratios) which may not
be desirable from a manufacturing point of view. In any case, the influence of the « angle is clearly
greater than that of the contraction ratio p.

B. Profiled nozzle

The analytical results of predicted cavity width and length for the profiled nozzle are provided in
figure 13, figure 14, figure 15, figure 16 and figure 17, each corresponding to & = 90°, o = 75°,
a = 60° o =45° and oo = 30°, respectively. ~ The trends observed for the profiled nozzle are
analogous to those obtained in the sharp-edged case, with the cavity size increasing at smaller
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FIG. 15. Dependence on o of the non-dimensional cavity width (a) and length (b) for a profiled injector with

a=60°.
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FIG. 16. Dependence on & of the non-dimensional cavity width (a) and length (b) for a profiled injector with
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FIG. 17. Dependence on ¢ of the non-dimensional cavity width (a) and length (b) for a profiled injector with

o =30°
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FIG. 18. Comparison of cavity features, namely width (a) and length(b), for the sharp-edged and the profiled
nozzle geometries at o = 90° when p = 0.25.

Parameter Value

Liquid density, o, |850 kg/m>
Vapour pressure, py | 0.02 bar

Inlet pressure, p; 100 bar
Contraction ratio, 1 0.05
Nozzle wall angle, & 90°

TABLE III. Fluid properties and geometrical parameters in the Winklhofer et al. *® cavitating nozzle experi-
ments.

contraction ratios ¢ and sharper wall angles o . The differences observed at different values of u,
however, become more evident in the profiled nozzle at every value of . This difference with the
sharp-edged case takes place because the dominating flow separation mechanism is not the nozzle
sharpness in terms of wall curvature but its abruptness regarding the contraction ratio. In the sharp-
edged geometry, these differences at variable u are overshadowed by the sudden curvature change
near point B.

A comparison between figures 8 and 13, however, shows that the influence of the nozzle geometry
is greater than the effect of the nozzle contraction ratio. In order to facilitate this comparison, figure
18 shows the cavity width and length for both the sharp-edged and the profiled nozzles at y = 0.25
and o = 90°. The greatest differences arise for the cavity width w,, which is consistently greater in
the sharp-edged case through the whole range of o. Regarding the cavity length /., it is also greater
for the sharp-edged nozzle, although both geometries approach asymptotically as ¢ — 0.

C. \Validation

Although the prediction of cavity shape characteristics is interesting from a design perspective,
the most important effect of in-nozzle cavitation is flow choking. Using the results provided above,
the choking characteristics of a cavitating nozzle can be predicted, their value being used as a tool for
the validation of the model with respect to experimental results. In this spirit, the experimental work
of Winklhofer ez al. #° is chosen as a benchmark because it is based on a true-scale (284p1m nozzle
width), two-dimensional sharp-edged injector. The fluid properties and geometrical parameters that
describe this experiment are summarized in table III.

In order to validate the analytical model being presented, the choking characteristics from the
Winklhofer et al.*® experiment are being compared with the outcomes of the free streamline
method. For this purpose, the relationship between the cavitation number ¢ and the cavity width w,
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is retrieved and introduced into a simplified head loss model that will allow to quantify the Ap-m
curve that characterizes the cavitating behavior of an injector.

The detailed derivation of the mass flow choking model can be found in Appendix A, in which
control volume theory and ideal flow assumptions are applied to obtain the mass flow rate as a
function of the cavitation constant k:

in=py hb B 2p1 = py)

o [u? (ifl)erszl]

Where b is the nozzle width, measured along a direction perpendicular to the Z plane. The pressure
drop is computed following the classical equation arising from control volume theory*®, namely:

(55)

1 2 o (1 2
Ap=—-pL|Vo|" ui | ——1
p 2PL‘ 2" ue (uc ) (56)

where |V| is calculated from the mass flow rate (equation (55)). The results from Winklhofer
et al. *0 are not expressed as a function of the cavitation number &, but as a function of the modified
cavitation number CN instead:

oN=P21P (57)
p2—pv
This modified cavitation number can easily be expressed as a function of the cavitation constant k,
as:

CN= L Ez“i_il 1) (58)

This way, the mass flow rate 7, the pressure jump Ap and the modified cavitation number CN
have been expressed as a function of the solution parameters of the analytical model, namely k and
Uc. Applying the above equations (55), (56) and (58), a comparison between the results arising
from the application of the present model and those obtained by Winklhofer et al. *® is provided in
figure 19. In this figure, the numerical results obtained by Payri et al. *’ from numerical multiphase
simulations applying the Schnerr-Sauer3® model are also represented. The evolution of the non-
dimensional mass flow rate (calculated as the ratio between the mass flow rate s and the choked
mass flow rate 7i..) is tracked at a variable (modified) cavitation number CN. Using this definition
of the modified cavitation number, commonly used in the field of injection systems, a higher CN
will lead to more severe cavitation conditions (i.e., cavitation intensity increases from left to right
in the horizontal axis), as opposed to using the ¢ alternative.

The mass flow rate follows a rapid (nearly exponential) growth at low magnitudes of CN, but
reaches an asymptotic value i1/, — 1 at increasing cavitation number due to the section contrac-
tion encompassed by a further increase of Ap in cavitating conditions. To characterize this phe-
nomenon, a critical cavitation number CN, is defined as the value of CN that yields 71/t = 0.99.
The critical cavitation numbers obtained using the analytical model and the numerical CFD calcula-
tion are summarized in table IV. From these results, it is found that the performance of the analytical
model regarding the choked cavitation number prediction, with a 24% relative error, is even better
than that of the CFD calculation (for which a 60% error is obtained). What is more, the global
shape of the CN — 1 characteristics is faithfully replicated for the whole range of CN under study,
the greatest discrepancy arising in noncavitating conditions (i.e., at low CN). This is explained by
the fact that, under such conditions, the flow in the throat section remains attached and the head loss
mechanism is governed by wall friction and viscous effects (also owing to turbulence), which are
not considered by potential flow. For this reason, the mass flow rate is overestimated by the free
streamline solution in a noncavitating regime. Nevertheless, as soon as the critical cavitation num-
ber is approached and flow detachment begins, the accuracy of the analytical solution increases.
Overall, the analytically determined mass flow choking curve closely matches the experimental
measurements.
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FIG. 19. Mass flow choking characteristics of the two-dimensional injector with gt = 0.05 and ot = 90° obtained
from the analytical model (blue, solid line), the experiments from Winklhofer ef al. * (black triangles, dashed
line) and the numerical simulation from Payri ez al. 47 (black circles, dotted line).

Parameter |CN, |Relative error (%)
Experimental | 2.5 0%

Numerical | 4.0 60%

Analytical | 3.1 24%

TABLE IV. Comparison of the critical cavitation number CN, obtained from the analytical model with the
numerical calculation by Payri er al.*’ and the experiments by Winklhofer er al. 0.

Besides the previously commented mass flow choking curves, Winklhofer e al. ° also provide

void fraction contours observed at different cavitation regimes. These contours are based on light
transmittance maps acquired by means of back illumination using a CCD camera, and can be com-
pared to the cavity profiles given by equation (29). In order to extend the capabilities of the ana-
lytical model, a Homogeneous Relaxation Model (HRM) has been coupled to the free streamline
solution as described in Appendix B. This model, based on the application of empirically calibrated
coefficients for evaporation and condensation, is only applied to model cavity condensation, as it
will be assumed that the vapor volume fraction f is equal to 1 in the cavity region. The use of HRM
in this model is limited to the cavity morphology calculation, as the cavity length and width, as well
as the mass flow choking characteristics, were calculated using purely analytical methods.

The static pressure p profile along the cavity condensation part of the free streamline is derived
assuming ideal flow:

1
p=p2—5pL(IVP=[Va) (59)

where the velocity modulus |V] is an outcome of the potential flow solution, being a function of
the axial (horizontal) coordinate x. In figure 20, the experimental void fraction contours (a) are
compared to their analytical counterparts (b) obtained from potential flow-HRM coupling, as well
as the numerical results by Payri et al. *’, both using an HRM model (c) and the Schnerr-Sauer
model (d). Instead of using the cavitation number ¢ or CN to characterize the flow, the pressure
jump Ap is preferred in this case because it provides a more practical approach related to the working
conditions of the nozzle.
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FIG. 20. Comparison of experimental cavity morphology(*° (a) with the potential flow-HRM coupled solution
(b) and the numerical results obtained by Payri er al.*’ applying the HRM (c) and the Schnerr-Sauer (d)
models. Reproduced with permission from the Journal of the Brazilian Society of Mechanical Sciences and
Engineering 43,228 (2021). Copyright 2021 Springer Nature.

The experimental data in (a) show that cavity growth occurs both in the longitudinal (length /)
and vertical (width w,) directions when the pressure jump is increased while keeping a constant
injection pressure. Choked conditions correspond to Ap = 8.5 MPa, at which the cavities developed
on both sides of the nozzle throat coalesce to form a pure vapor flow. For the three magnitudes of Ap
analyzed, cavity growth begins in the inlet corner of the throat section, confirming the assumption
that was applied during the derivation of the theoretical model. Regarding the results obtained from
the application of the presented analytical model (b), the cavity length and width observed in the
experiments are faithfully replicated at Ap = 6.0 MPa and Ap = 7.0 MPa. At Ap = 8.5 MPa, how-
ever, the cavity width is underestimated by the analytical solution and the coalescence of cavities
is not predicted. The reasons for this discrepancy lie on the facts that the cavity endpoint has been
assumed to have 8 = 0° (which is not fulfilled in this case), the assumption of pure liquid flow at the
nozzle outlet (in this case, it is fully vaporized) and the neglection of turbulent mixing, which plays a
crucial role in this type of cavity growth. Nevertheless, the cavity morphology in the near-inlet zone
is reproduced with a very high accuracy. In any case, the analytical results represent a significant
improvement with respect to the numerical multiphase model in (c) and (d). It should be remarked
that neither the HRM (c) nor the Schnerr-Sauer (d) model are able to predict cavitation inception
at Ap < 7.5 MPa, while the analytical solution allows to model cavities even at Ap = 6.0 MPa. In
addition, the cavity width predicted by the analytical model is closer to the experimental results than
that computed by CFD using Schnerr-Sauer and HRM. The validation methodology has shown that
the proposed analytical formulation is able to closely replicate the steady characteristics of in-nozzle
cavitation. What is more, the accuracy of the analytical results even outperforms CFD calculations
at the near-choked condition. The cavity morphology, mass flow and pressure jump at variable
working parameters can be predicted by the model for a given injector geometry and working fluid.

V. CONCLUSIONS

An analytical free-streamline solution for the cavitating flow inside a nozzle is derived applying
potential flow theory and conformal mapping. Two solution methods are presented, corresponding
to sharp-edged and profiled nozzle shapes. In both cases, the non-dimensional cavity width and
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length are calculated as a function of the cavitation number ¢ and the nozzle contraction ratio .
The formulation also allows to vary the nozzle wall angle «, with results for o¢ = 30°, 45°, 60°,
75° and 90° being provided in the present article. In addition, the differences in the cavity mor-
phologies observed in the sharp-edged and profiled nozzles are studied, quantifying the influence of
geometrical parameters.

The mathematical model being presented is based on necessary assumptions and simplifications,
namely: inviscid, incompressible and irrotational flow and homogeneous phase equilibrium (i.e.,
instantaneous evaporation below py). These simplifications are needed to guarantee the existence
of a unique solution to the free streamline problem. Comparison with experimental results*® shows
that the assumptions being applied are not detrimental to the model accuracy. The mass flow and
pressure jump characteristics, as well as the void fraction contours, are faithfully replicated by the
analytical solution. When working close to the critical cavitation number (i.e., near-choked flow),
the analytical model even outperforms CFD calculations.

The prediction and control of geometrical cavitation plays a critical role in the design of modern
injection and atomization systems. Cavitation in water, diesel fuel or ammonia is a source of trouble
during the development stage of such fluid systems. The presented analytical solution is intended
not only to fill a theoretical knowledge gap in the field but also to provide a quick design tool for
engineers. The information included in figures 8-17 can be used during preliminary design pro-
cesses to obtain a quick check on cavitation occurrence, or incorporated into more complex design
optimization algorithms without requiring the use of time-consuming CFD simulations. Informa-
tion about cavity shape and size, as well as its influence on mass flow, can be extracted from the
proposed equations.

The theoretical model hereby presented paves the way for future developments aimed at enriching
the theoretical background on cavitation. Model improvements such as the introduction of unsteady
potential flow effects, the derivation of a model for asymmetric nozzles, or the quantification of
the injector needle lift influence are to be considered. In addition, the accuracy of the model could
benefit from the application of a re-entrant jet boundary condition, in accordance with experimental
evidence.
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Appendix A: Mass flow choking equations

A simplified analytical model is used to calculate the relationship between the pressure jump
across the injector nozzle Ap and the mass flow rate m. As the liquid phase is considered to be
incompressible, the mass flow rate is given by:

1= pLbhe|Va| (Al)

where b is the nozzle width, measured along a direction perpendicular to the Z plane. The contracted
flow height &, is found from the cavity contraction ratio U,:

he = hHe (A2)
u

As h, is known to be a function of the cavitation number (or, equivalently, to the cavitation constant
k), finding the dependence of |V;| on k will allow to express the mass flow as a function of the
cavitation number.

If the relationship between 7z and Ap is also to be found, then the head losses as a function of k
must be determined. Following Ambrose 48 the equation for the head losses in a sudden contraction
(deduced from control volume theory>) can be applied:

Vi[> (1 PP L1 :
Ap=p (= 1) =p 22— 1 A
r=pn- oy (A3)

In equations (A1) and (A3), the mass flow rate and the pressure jump have been expressed as a
function of the cavity contraction i, and the outlet velocity modulus |V3|. Although g, is known to
be a function of the cavitation number, their relationship being extensively described in the Results
section, the value of |V;| remains unsolved. Hence, the definition of the cavitation number ¢ must
be used in order to obtain a different expression for the pressure jump:

—k_1= p1—Ap—py
° poulval? (A4)
— Ap=p1—py — 5pr| V22 (K* - 1)

If both equations (A3) and (A4) for Ap are combined, the outlet velocity is obtained as a function
of the inlet pressure p; and the cavitation constant k:

2(p1—pv)
2
oL {u? (i - 1) R~ 1}

The contraction ratio 1. also appears in the expression, but it must be reminded that it has a known
dependence on k (or o). Hence, equation (57) can be plugged into (A1) to find the mass flow rate,
while the substitution of |V3| in equation (A4) allows to calculate the pressure drop for a given
cavitation number ¢ or cavitation constant .

Finally, the modified cavitation number CN can also be found from k, following:

(A5)

[Va| =

_pi—p Ap —
CN v~ Ip vyt o X A6)
2(1
_ e
oo [V (@-1) -1

In this way, the mass flow rate 7, pressure jump Ap and modified cavitation number CN have been
expressed as a function of k, and the presented equations are used to validate the proposed model
with respect to the experimental results of Winklhofer ez al. *°.
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Appendix B: Homogeneous Relaxation Model for cavity morphology

The Homogeneous Relaxation Model (HRM), as proposed by Bilicki and Kestin *® for multiphase
flows based on the proposal by Einstein>” in gas flow, is applied to model cavity condensation, thus
allowing to represent an estimated cavity morphology (HRM is not used to calculate the cavity
length, width or mass flow choking, as these are obtained from the purely analytical method being
presented in this article). The model constants calculated for flash boiling by Downar-Zapolski
et al.>® are applied, introducing an empirically determined correction factor to account for the
differences between water and diesel fuel.

The HRM model describes the Lagrangian phase change rate for the vapor mass fraction ¥, with
respect to its equilibrium value at the working pressure and temperature as:

DYy _ Vyeg =Yy

=077 6

B
where @ is a characteristic timescale that must be found empirically through correlations, and .7 is
the dimensional time. Downar-Zapolski ef al. *® propose two different equations for ©:
0 =C.0p0P7WY-224 i p < 10 bar
—0.5400—1.76 ; (B2)
O =C.0pB P70 b > 10 bar

For the current application, and given the fact that the outlet flow pressure must be low in cavitating
conditions (low &), the p < 10 bar correlation with ®) = 6.51-10* s is preferred, a correction
factor C, = 13 being applied as it has previously been advanced. The correlation is based on a
corrected pressure difference W, defined as:

M‘ (B3)
pv

w—

where py and p must be expressed as absolute pressures. The equilibrium vapor mass fraction Y, ¢,
is found from the Clausius-Clapeyron equation:

2 _ hL (Pv T) - hL,sat

YV,eq = (B4)

hV,xur - hL,sut

Where hy(p,T) is the liquid specific enthalpy at the working pressure p and temperature 7', /iy, 54
is the specific enthalpy of the saturated liquid at the working temperature and Ay 4 is the specific
enthalpy of the saturated vapor at the working temperature. The magnitude of Yy, is therefore
bounded between 0 and 1, neglecting the subcooled and superheated regions as they are not relevant
for phase change. In equation (B2), the vapor volume fraction f is used instead of the mass fraction
or vapor quality Yy. Hence, 3 can be trivially defined as:

pLYy

_ _ BS
P pLYv +py(l —Yy) (B

In order to apply equation (B1), the Lagrangian time history of static pressure is required. How-
ever, the only information provided by the analytical solution is the spatial history (along x) of the
velocity modulus. Hence, the static pressure coefficient C;, must be derived as a function of the
non-dimensional horizontal coordinate in order to obtain the pressure history along the streamline.

C. — P—Pmin _ 2 ‘V‘z
= P Pmin
P I Vo [V2[2

(B6)

From the above definition, it is obvious that when p,,;; = py the minimum value of C, = 0 will be
attained at the cavity interface, where |V| = k|V;|. Then, once |V, | has been computed as explained
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FIG. 21. Time evolution of the static pressure p along the free streamline for ¢ = 0.44, corresponding to
Ap =7 MPa in figure 20.

in Appendix A, the dimensional value of the static pressure p can be retrieved. In addition, the
dimensional time along the streamline .7 can also be found applying the definition of velocity:

dx s [fdx " dx
a7~ =7 */0 Vi) /0 V) lcos(809) (B7)

Using the above equations, the C, = f(.7) distribution along the free streamline can be determined.
As an example, this distribution is provided in figure 21 for ¢ = 0.44, corresponding to Ap =7 MPa
in figure 20. Pressure recovery after the cavity endpoint follows an asymptotic exponential law,
as observed by Roshko** for the cavity behind a flat plate. Once the pressure profile along the
streamline has been obtained, the vapor volume fraction is simply computed using second order
backward differencing as:

4 1 2A7 DYy
YWwo==YWor1—YWorot——— B8
vz =3Wor1-3hg 2+ Y (B8)

After Yy 7 is computed, the timescale .7 is converted back into space coordinates (x,y). The two-
dimensional contours of void fraction are then calculated as a function of the vertical coordinate of
the cavity interface y.(x):

0if y(x) < ye(x)

Yy,7(x,y) = 4 1 (B9)
’ Wao 1(x) =z (x)+ .
31v,.7 1(_'_)2&73071‘//\';7 2( ) lf y(x) > yr(x)
3 DT

Equation (B9) is used in figure 20 to represent the cavity morphology at the different values of Ap
under analysis.
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