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Abstract

We study the moduli space of (framed) self-dual instantons on CP2. These are described by an
ADHM-like construction which allows to compute the Hilbert series of the moduli space. The latter
has been found to be blind to certain compact directions. In this paper we probe these, finding
them to correspond to a Grassmanian, upon considering appropriate ungaugings. Moreover, the
ADHM-like construction can be embedded into a 3d gauge theory with a known gravity dual.
Using this, we realize in AdS,/CFT; (part of) the instanton moduli space providing at the same
time further evidence supporting the AdS,;/CFT; duality. Moreover, upon orbifolding, we provide
the ADHM-like construction of instantons on CP?/Z,, as well as compute its Hilbert series. As in
the unorbifolded case, these turn out to coincide with those for instantons on C?/Z,,.
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1 Introduction

In the recent past it has become clear that studying gauge theories in diverse circumstances is
of the utmost interest in order to unravel their dynamics. In particular, it is very interesting to
consider their response to curvature by considering placing gauge theories on curved backgrounds.
In that respect, very recently developed techniques —such as localization— allow to compute exactly
certain observables, such as partition functions and surface/line operators in certain gauge theories.
In turn, these are sensible to different physical aspects. For example, while the supersymmetric
partition functions of A" = 2 4d theories on S* x S3 have the interpretation of an index —a weighted
counting of BPS states—, the homologous computation on S* is interpreted as a a partition function
and it is closely related to the Zamolodchikov metric [IJ.

In these computations the non-perturbative sector typically plays a crucial role. In particular,
it is well-known that instantons are very important configurations in gauge theory. For example,
the partition function of gauge theories contains contributions from saddle points of all instanton
numbers. This can be made fully precise in the case of supersymmetric gauge theories with eight
supercharges, when the supersymmetric partition function can be computed exactly thanks to
localization (see [2] for a seminal contribution). One can then explicitly see that, in addition to
purely perturbative saddle points, the partition function localizes on instantonic configurations,
whose contribution one has to sum. On general grounds, such contributions are the one-loop de-
terminants around each instanton saddle point, which can be computed by the so-called Nekrasov
instanton partition function. In turn, in the case of pure gauge theories, the latter coincides with
the Hilbert series of the instanton moduli space (see e.g. [3| [4]). Therefore, the construction of
instanton moduli spaces, as well as the computation of their associated Hilbert series, is of the
greatest importance (of course, the reasons alluded before are just a very limited subset of those
making of the instanton moduli space a very interesting object).



In the case of instantons on C2 —or its conformal compactification S*— the problem of con-
structing instantons of pure gauge theoriesE| with gauge group A, B, C, D was solved long ago
by the ADHM construction [5]. Moreover, it turns out that the ADHM construction has a natu-
ral embedding into string theory as it arises as the Higgs branch of the Dp-Dp+4 brane system
[6 17, 8, @]. In this paper we will be interested on the parallel story but for the case of CP%. As
opposed to S*, CP? is a Kihler manifold. This naturally induces a preferred orientation which
distinguishes self-dual (SD) from anti-self-dual (ASD) 2-forms. As a result, the construction of
gauge connections with ASD and SD curvatures is intrinsically different. In this paper we will
concentrate on SD connections on CP? (and its orbifolds). In the mathematical literature an
ADHM-like construction for such gauge bundles has been developed long ago [10} [T, 12}, T3], [14].
Very recently, it has been shown that such construction can be embedded into a gauge field theory
which, moreover, admits a string/M theory interpretation [I5]. Surprisingly, the gauge theories
engineering the ADHM construction for instantons on CP? are 3d gauge theories with N = 2 su-
persymmetry —that is, 4 supercharges—. Nevertheless, as shown in [I8] (see also [19, 20], and [I5]
for a discussion in the physics context), the Hilbert series and other properties do indeed satisfy
properties compatible with the expected hyperKéhler condition of the moduli space.

In this paper we consider several aspects of these moduli spaces for SD instantons on CP?,
as well as develop their construction on orbifolds of CP?. As introduced above, being CP?
a Kéahler manifold, a preferred orientation is induced. In turn, this intrinsically distinguishes
SD from ASD configurations. It is then natural to ask wether both types of instantons can be
physically relevant. To elucidate this, we need to construct a supersymmetric gauge theory on
the curved space such that its instanton sector includes SD configurations. A very useful strategy
put forward by [I7] is to couple the gauge theory to supergravity, so that the combined system is
automatically supersymmetric. Then, a suitable rigid limit freezes the gravity dynamics around
the chosen background in such a way that we are left with the quantum field theory appropriately
supersymmetrized on the curved space. From this perspective, the VEVs of the fields in the
SUGRA multiplet become the supersymmetric couplings in the gauge theory. Moreover, in order
to preserve SUSY generically the SUGRA background must be non-trivial. A very natural way
to supersymmetrize a gauge theory is by means of topologically twisting —perhaps including an
equivariant version— with the R-symmetry. Following this method, in [25] the partition function
for gauge theories on Kihler spaces, in particular CP?, was constructed. However, the relevant
instanton sector in that case was that of ASD configurations. As we describe, this is related to the
choice of topological twist: because of the Kahler property, twists based on left handed spinors
are intrinsically different from twists based on right handed spinors. As we explicitly spell out in
this paper, by choosing the appropriate twist it is possible to construct a supersymmetric gauge
theory on CP? for which the relevant instanton sector contains SD configurations.

In the case of SD instantons on CP? the corresponding Hilbert series were computed in 18,
19 20] and re-obtained in [15] from a Physics-based approach. In particular, it was shown that
these coincide with the Hilbert series of a “parent” instanton on C2. This immediately raises
the question that, being CP? a topologically non-trivial space, it is natural to expect that our
instantons are described by extra topological data. In particular, given that CP? contains a non-
trivial CP!, gauge field configurations should be labelled as well by a first Chern class basically
corresponding to flux on the non-trivial CP!. Since the Hilbert series, which coincides with the
Nekrasov instanton partition function, is insensitive to this information, it follows that the partition
function is independent on the choice of first Chern class for the gauge bundle. However other
observables might depend on it (in particular surface operators). Thus, on general grounds it is
natural to explore the structure of the full moduli space. Such description has been accomplished
in the mathematical literature [I8| [19] 20] for the unitary case. In particular, it has been shown
that the dimension of the moduli space seen by the Hilbert series is smaller than the dimension
of the actual moduli space. As argued from a mathematical perspective for the unitary case in
particular in [19], such “extra directions” are associated to (compact) Grassmanian subspaces

3We will concentrate on instantons in pure gauge theories with 8 supercharges throughout all the paper.



in the full moduli space. E| Note that these extra directions were detected by means of other
methods, as being compact, the Hilbert series is blind to them. In this paper we explore, from
a novel, Physics-based, perspective, these “extra directions”, associated to the extra topological
data. Our approach applies to the unitary case as well to orthogonal and symplectic instantons.
To that matter we consider the simplest case of a SD configuration probing these extra directions,
namely that with zero instanton number but non-zero first Chern class. Amusingly, for unitary
instantons, the construction degenerates into a 3d version of the theory in [2I], whose moduli
space has been argued to be a (compact) Grassmanian manifold, thus reassuringly recovering
the expectations in the mathematical literature. This theory, which admits a brane description,
provides a clear physical description of the extra directions of the moduli space not captured by
the Hilbert series. Moreover, it suggests a novel way to study such extra directions by using the
so-called master space [22] of the theory. The latter is an extended notion of the moduli space
where one ungauges the abelian part of the gauge symmetry. As in [23], upon appropriately
ungauging U (1) groups we are effectively considering the complex cone over the compact base. In
this modified scenario we can now use the Hilbert series, which probes the extra directions finding
agreement with the expectations. Moreover, we use this technique to probe the resolved moduli
space for orthogonal instantons as well —symplectic instantons are trivial in this respect. Thus,
our new approach provides a direct and physical method to explore in detail the moduli space of
SD instantons of all classical groups on CP2.

Yet another very interesting aspect of the construction of SD instantons on CP? is that the
gauge theory containing the ADHM construction of unitary instantons admits a large N limit
where it is dual to an AdS,; geometry. It is then natural to study the instanton moduli space in
the gravity dual. Similar to other examples in the literature, the gravity dual captures the subset
of operators involving only bifundamental fields in the quiver, corresponding to “closed string
degrees of freedom” (as opposed to fundamental matter corresponding to “open string degrees of
freedom”). It is possible however to identify this subset in the field theory for detailed comparisons.
In particular, the expected hyperKéhler structure is recovered from the AdS dual. Moreover, in
order to find agreement with the field theory description the exact R-charges of the operators are
required. This provides an interesting cross-check of the field theory results. At the same time,
it provides a very non-trivial evidence of the proposed AdS,/CFT; dualities, as in particular it
requires detailed matchings involving R-charges in A/ = 2 theories —free to deviate largely from the
free field ones.

Along a somewhat independent line, however closely related, starting with the ADHM con-
struction for instantons on a given space can be used to find the corresponding construction on
related spaces obtained by orbifold projections. In this manner, we find the ADHM construction,
as well as the Hilbert series, for moduli spaces of instantons on CP? /Z,, whose construction and
description was not known to the best of our knowledge. As these spaces have an even richer
topological structure, the identification of ADHM-like quiver data with the instanton data is more
involved and not known, yet we propose some conjectures supported on the observations coming
from the unorbifolded case. We stress that our approach towards exploring compact directions of
the moduli space plays an important role in guessing the topological properties of instantons on
the orbifolded spaces.

The structure of this paper is as follows: in section [2] we explicitly describe the relevance of SD
instantons on CP? in the computation of the partition function for the topologically twisted gauge
theory. In particular, we show how SD instantons on CP? arise as the minima of the localization
action, as well as (very briefly) review some relevant aspects of the ADHM construction in the
mathematical literature. In sectionwe study unitary instantons on CP?, considering in particular
our novel approach consisting on the resolution of the extra directions upon ungauging U(1)’s as
well as the AdS/CFT description of (part of) the instanton moduli space —this providing very
non-trivial evidences of both the construction and the AdS/CFT duality, as it requires a precise
matching of superconformal R-charges. In sections we turn to instantons on orbifolded spaces,

4In [15] the full moduli space including the Grassmanian directions was called the resolved moduli space, as it
discerns the extra directions not seen by the Hilbert series.



for which we provide the first explicit description. In section [4] we consider the construction of
unitary instantons on the orbifold space. In section [5] we turn to the symplectic case, finding
the ADHM construction of their moduli space on CP?/Z,. In section |§| we turn to orthogonal
instantons, analyzing, very much like in the unitary case, the compact extra directions associated
to the non-trivial topology. Moreover, we provide the construction of orthogonal instantons on
the orbifolded space. We provide a short summary of the highlights as well as some conclusions
in section m Finally, we describe some exotic cases as well as compile some figures (relegated to
the appendix in order not to clutter the text) in the appendices.

2 Self-dual instanton contributions to supersymmetric gauge
theory on CP?

We are interested on pure gauge theories on CP2. Hence our first task would be the construction
of the supersymmetric lagrangian for the theory on the curved manifold. To that matter we
follow the approach in [I7], which amounts to consider the combined system of supergravity plus
the gauge theory of interest. Then, a rigid limit freezes the gravitational dynamics so that we
are automatically left with the supersymmetric gauge theory on the curved space. Since we are
interested on N =2 gauge theories, we will use conformal supergravity as in [24].

Recently, the partition function of supersymmetric gauge theories on CP? was considered in
[25]. However, in this paper we will be interested on a different version of the gauge theory.
Recall that, in order to find the supersymmetric theory, we need to solve the gravitino variation
as well as the auxiliary condition in [24]. These provide both the background fields as well
as the Killing spinors for the gauge theory on the curved space. A natural solution to these
equations is the topological twist [26]. On general grounds, this amounts to redefining the Lorentz
group —generically locally SO(4) ~ SU(2)1ee X SU(2)right— by twisting either SU(2)iett, right With
SU(2)g. Nevertheless, as described in e.g. [27], since for K&hler manifolds the holonomy is really
SU(2)right * U(1)efy, a second version exists whereby one twists the U(1)ie, by the Cartan of
the SU(2)r (note that in this case one chirality is privileged over the other by the orientation
naturally induced by the Kéhler form). While in [25] this later choice was considered, in this
paper we will focus on the former version of the topological twist, which can be performed both
for positive and negative chiralities of the background Killing spinors.

Setting, to begin with, all supergravity fields other than metric and SU(2)g gauge field to
zero, the equations defining the supersymmetric backgrounds are defined by the conformal Killing
spinor equation [24] (we refer to this reference for details)

1 ,
Dyl 1 v el =0, 1)
where the covariant derivative acting on the background Killing spinors is
Duei = V,ﬁi + (Au);“ €, (2)

while A, is the SU(2) g gauge field and V,, is the covariant derivative acting on spinors including
the spin connection. Moreover the metric of the CP? is

.2
dscp2 = dp%—% [d92+sin2 9d¢2+coszp(dz/}+cosﬁd¢)2] , peo, g] ,Wel0,4x],0¢€[0, 7], pe[0,27].
(3)

With hindsight, in this paper we will be interested on keeping the positive chirality spinors.
Choosing then

(A#)j = _Z NIiabWpab (Ul)j s (4)



where 7745 is the ’t Hooft symbol and the of are the Pauli matrices, we have that the spin
connection part in the covariant derivative is cancelled, so that the Killing spinors are Simplyﬂ

i 0

1 0 2 1

«=l o |> <= o | aeR. (5)
0 0

Furthermore, one can check that the remaining supergravity equation is solved upon appropriately
tuning the supergravity scalar [26].

Following [24], negative chirality spinors could be included choosing a Killing vector v of CP?
as € = zyﬁeﬁr upon turning on 7~ = 2dv|-. Let us stick however to the topological case. Then,
since the theory is invariant under the supersymmetry generated by the above ¢!, we could add

to the action the Q-invariant term —¢ [ 6V, being 6V = [6Q[* + |69 |*. The standard argument
suggest then that the action is t-invariant. A straightforward calculation gives (we set (e )tel = 1)

1, w2, Ly 3
0V = < (F*) D + Y+ [[6, 61, ®

where we have imposed the reality condition Y ; = (Y7;)* [25]. Since eq.@ is strictly positive, in
the classical limit ¢ - co the theory localizes on configurations such that the scalar in the vector
multiplet is constant and lies along the Cartan of the gauge group while F'* = 0. Note that, had
we chosen to keep negative chirality spinors, we would have obtained F~ = 0. Being more explicit,
the condition F'* =0 is, in the conventions of [24], equivalent t(ﬁ

1
F*= (F-+F)=0 ~ F=+F, (7)

that is, F' must be self-dual (SD). Since, for the standard orientation of the CP?, the Kihler form
is also self-dual, we have that the relevant gauge configurations in this case are instantons of the
same duality type of the Kéhler form. This is precisely the type of instantons described in [15]
using the King and Bryan-Sanders constructions in [I3] [T4] elaborating on [10] [T, 12].

2.1 The construction of self-dual instantons on CP?

While we are interested on constructing self-dual instantons on CP?2, it is however more convenient
to regard them, upon orientation reversal of the base manifold, as anti-self dual (ASD) instantons

on @2 (the opposite-oriented CP?). Then, we can directly borrow the construction of their
moduli spaces from King [13] and Bryan-Sanders [14]. Let us give a lightning overview of the
relevant ingredients of the construction and defer to [10, [T, 12, 13| 4] for the detailed account
(see also [15] for more references).

On very general grounds, there is a correspondence between the moduli space of instantons
on projective algebraic surfaces and the moduli space of (stable) holomorphic bundles which goes
under the name of Hitchin-Kobayashi correspondence. In this context, the ADHM construction
can be regarded as a device to construct holomorphic bundles over the appropriate manifold.

An alternative version of the Hitchin-Kobayashi correspondence, more useful for our purposes,
was proven by Donaldson by using the so-called Ward correspondence, which associates an anti-
self-dual (ASD) connection —that is, a connection whose curvature is ASD— on a (not complex)
manifold X to a holomorphic bundle on an related manifold Xy,01,. Roughly speaking, one regards
X as a conformal compactification of some underlying complex manifold X pi. Since both the
Yang-Mills equations and the self-duality constraints are conformally invariant, solutions with
definite duality properties (say ASD) on Xcpix can be naturally extended into solutions on X.
Note that, in doing this, the behaviour of the gauge field at the added point must be specified,

5We choose a chiral representation for the Dirac algebra, so that T's = diag(1, —1).
6Here (*F)ab = %eabchCd'



that is, a framing must be chosen. In particular, we choose a trivial framing, where the gauge
transformations become the identity at infinity.

On the other hand, it is well-known that connections with an ASD curvature on a complex
manifold X« are in one-to-one correspondence with holomorphic bundles on chlxm Since the
moduli space of the latter is a rather sick notion, being X.pix a non-compact space, we can
considering a holomorphic compactification of X pix into Xpo1, whereby we add the complex line
at infinity ¢, and demand the holomorphic bundle to be trivial over there. Hence, all in all, the
problem of constructing trivially framed ASD connections on X is mapped to the construction of
holomorphic bundles —denote them by E— over Xy, trivial over £o,. The ADHM construction is
precisely the device constructing such bundles.

In the case at hand we consider X pix = C2, the blow-up of C2 at a point defined as

@2 = {(1’1, ’1,’2) X [Zl, ZQ] € (C2 XCP1/$1 Z1 :I’QZQ}. (8)

— 2
Then, on one hand we can find a conformal compactification of X¢pix = C? into X = CP~ —the
opposite-oriented CP?- as follows

[|I|2, X1, 'T2] )

[0, 21, 22]. )

T - TP ((:171, x9) % [21, 22]) - {

Note that @2 is not really a complex manifold, as the orientation does not follow from the Kéhler
form.

On the other hand, we can find a holomorphic compactification by adding ¢, which compact-
ifies C2 into Xpoo = CP2 blown up at a point, that is, Hirzebruch’s first surface F;. Hence we
have that framed ASD connections over CP? are in one-to-one correspondence with holomorphic
bundles over F! which are trivial over /. Since upon orientation reversal, ASD connections on

@2 become SD connections on CP?, it follows that the desired moduli spaces are in correspon-
dence with holomorphic bundles over Fy. Then, the ADHM construction is precisely the device
to construct such bundles.

While here we will not dive into more details, an instrumental notion in arriving to the ac-
tual ADHM construction, from this point of view, is the associated twistor space, which takes
into account the sphere bundle of compatible complex structures over Xpo1,. Instead of delving
into more intricacies, here we will describe the ADHM-like description of instantons for unitary,
orthogonal and symplectic gauge groups embedded in a gauge theory as in [I5], and refere to
[10] [IT), 12 13|, 14] for the details of their construction along the lines outlined here.

On word of caution is in order. Even though in the following we will loosely refere to instantons
on CP?, the previous description of the precise construction should be borne in mind —that is,

——2
we are describing SD instantons on CP? or equivalently ASD instantons on CP”—. Moreover, we
stress that we discuss framed instantons where a particular behavior in the added line (trivial) is
imposed.

3 U(N) instantons on CP?

As described in [I5], the King construction [I3] for unitary instantons on CP? can be embedded
into a 3d quiver gauge theory. The theory in question is a 3d N = 2 gauge theory whose quiver is
in the left panel of fig[l] supplemented with the superpotential

W =Tr[A'B*A’B? - A'B*A’B' + ¢A'Q] . (10)

"Roughly speaking, this is due to the fact that the ASD condition on a connection A is equivalent to the
integrability condition 8124 =0of 04 = 0+ A, hence defining a holomorphic bundle on X1 through the Newlander-
Nirenberg theorem. See [10, (11 12} 13} 14] and [I5] for more references.



U(N)

X? X!

Figure 1: Quiver diagram for SU(N) instantons on CP? (on the left) and for SU(NN) instantons
on C? (on the right).

Fields U(kr) U(kr) U(N) SU(2) U(l)r
Al [1,0,...,0]41  [0,...,0,1]1 [0] [0] 1/2
A2 [1,0,...,0]41  [0,...,0,1]4 [0] [0] 1/2

BY,B? | [0,..,0,1]-1 [1,0,...,0]41 [0] (1] 1/4
q [0] [1,0,...,0]41 || [0,...,0,1]-y  [0]  1-1/4r
Q [0,...,0,1]-1 [0] [1,0,..,0]s1  [0] 1/4r

F-term || [0,...,0,1]-;  [1,0,...,0]+1 [0 (0] 1

Table 1: Transformations of the fields for the CP? quiver gauge theory. Here r is an unknown real
parameter whose value, nevertheless, does not affect subsequent results.

Note that the chiral nature of the theory demands, because of the parity anomaly, the gauge
nodes to have a non-vanishing Chern-Simons level % +kr, and —% +kp respectively, where kr, kp
are integers including zero. In the following we will concentrate on the case ky = kg = 0.

As a 3d gauge theory, it has been argued [28] [29] that the theory flows to an IR fixed point,
where the charges of the fields are listed in table [l For the paticular case N = 1, as argued in
[29], the mesonic moduli space (excluding “Higgs-like” directions where fundamental fields take a
VEV) of the theory is the direct product of a conifold times the complex line. In general, as N is
increased, this geometric branch of the moduli space becomes an increasingly more involved toric
manifold (see [29]).

The instanton moduli space of interest is that of G = U(N) instantons on CP?, denoted as
M(CGPZ. It arises as a Higgs-like branch of the full moduli space of the gauge theory dubbed as
instanton branch where fundamental fields take a VEV. Note that the instanton gauge group
appears as the flavor symmetry of the ADHM construction. Note as well that, in order to specify
the instanton, in general a set of numbers I including the instanton number is required. We will
come back to this issue below.

More precisely, as described in [I5], the instanton branch of the moduli space arises when we
set Al (as well as all monopole operators, typically denoted by T, T) to zero. It is important to
note that the truncation A' =7 =T =0 is consistent with the quantum constraint on the moduli
space introduced in [29]. Then, the only relevant F-term arises from the superpotential and reads

W =B'A?B? - B2A’B' + ¢Q. (11)

Together with the field content and gauge groups of the 3d gauge theory, this constraint precisely



realizes the King construction. Note that, even though the flavor symmetry is U(NV), the U(1)
part is really gauged. Hence we can think of our instantons as instantons of SU(N) (even though,
as we will review below, we should really think of SU(N)/Zy).

In the following we will be interested on the Hilbert series of the instanton moduli space. The
ADHM construction just introduced (and the corresponding orthogonal and symplectic versions in
addition to their orbifoldings to be described below) allows to compute it using by now standard
methods as in e.g. [15, 30, B} B32] (see also [33] for the study of instantons on C?/Z,). Let
us pause to make a point on notation. Through all the paper we will denote the Hilbert series
H of the instantons moduli space as H[I,G, M], being I the integers characterizing instanton,
which appears as the date of gauge group of the ADHM construction; G those characterizing the
instanton gauge group appearing as flavour group in the ADHM construction and M the ambient
manifold of the instanton.

As anticipated, in order to specify a particular G instanton on CP? a set of quantum numbers
I is required. It is clear that one such integer is the instanton number. However, since CP? is a
topologically non-trivial manifold, it is natural to expect that instantons on CP? might carry extra
quantum numbers. Indeed, as reviewed in [I5] following [I8], we can characterize the instanton
by its first Chern number ¢ and its instanton number k. Using the correspondence between ASD
connections on X and holomorphic bundles E on X0, these can be written as

(B, [N =2, (a(B)-

being [C] the CP! class inside F; —recall that in this case X = CP2 and X, = F;—. These, in
turn, are related to the quiver data k,, kg as follows

Cl(E)2v [F1]>:]%7 (12)

~ 1 1
é=kp—k k==(kp+kr) - —=(kr - kgr)>. 13
C=KrR—-FKL, 2(LJFR) 2N(L R) (13)
As an algebraic variety, Mg }L,;(N) can be mapped into the moduli space of a related instanton
on C? —described by the Higgs branch of the theory on the right panel of ﬁg in the following
way

m: (A% BY B%,Q,q) > (X' = A’B X = A*B* 1 = A%, ] = Q), (14)
being X1, X2, I, J the fields of the quiver diagram for C? theory. Indeed, if we multiply the F-term
relation by A% and we apply the map we recover the F-term for SU(N) instantons on
(C2

(X', X?]+I-J=0. (15)

In turn, the inverse map o can also be defined as

o (XN X2 1,J) > (A% =1k, B' =X, B*=X?¢q=1,Q=J). (16)

Let us momentarily consider the case where k; = kg, which corresponds to ¢ = 0 and k=
kr. From the construction in eq.7 it is clear that the integer K in the quiver on the right
panel of figll]is identified with k7. Thus, we have that as an algebraic variety, the moduli space
of k SU(N) instantons on CP? is identified with the moduli space of kr SU(N) instantons
on C?. Consistently, the Hilbert series of these instantons coincide, from which it follows that
dimeMETY) =2 N kp.

In the general case kp # kg, one finds that the above construction still holds upon setting
K = min(kr,kgr). Consistently, as described in [I5], the Hilbert series corresponding to the
instanton branch of the quiver on the left panel in fig[l] coincides with the Hilbert series of the
Higgs branch of the quiver on the right panel of fig[l] that is

H[(klnkR)aSU(N)’(sz](tvan) = H[min(kLvkR)a*gU(N)vCZ](tSawvy)a (17)

where ¢ is the fugacity of the R-charge, x the fugacity associated with the SU(2) global symmetry
and y are the fugacities associated with the U(N) global symmetry. Note that the fugacity
associated to R-charge is re-scaled from t in the CP? case into 3 in the C? case.



Naively, eq. suggests that the dimension of the moduli space of unitary instantons on CP?

is

. SU(N .

dlmcMCPQ( ) - 2 Nmin(kr, kgr) . (18)
Note that, even though the quiver is specified by three integers N, k1, kg, eq.(18]) is only sensitive
to two of them. However, it is possible to consider an extended notion of the moduli space where
the extra directions associated to all the three quantum numbers specifying the instanton are
taken into account. This is the so-called resolved (as the extra directions are discerned) moduli

space, denoted as Hggg(N), whose dimension is [I8], 19} 20]
. ==S - . s . .
dimcMapi™ = 2k N = dime M2 + ¢ (N - ). (19)
Note that for é = 0, N the dimension of M\g;(m is equal to the dimension of Mgg;N). This

suggests that ¢ is really a modulo N quantity corresponding to an instanton gauge group which
is really SU(N)/Zy. We warn the reader that, while in the following we will not clutter notation
by supresing the Zy, the global properties of the gauge group must be kept on mind.

3.1 The resolved moduli space and the Grassmanian

In order to explore the resolved moduli space it is instructive to first consider the simplest case
where kr, = 0. The theory simplifies into a one-noded quiver flavored only with fundamental fields
(and not antifundamentals) shown in ﬁg Recall that the CS level is adjusted so as to cancel the
parity anomaly, and, furthermore, there is no superpotential.

U(kr) U(N)

U(N -kgr) U(N)

Figure 2: Quiver diagrams for Grassmanian (we show the dual pair —see text—).

The leftover theory in this particular case corresponds to a 3d version of the theory considered
n [2I]. Then, as argued in that reference, the moduli space is a complex Grassmanian (compact)
manifold, consistently with the expectations in [I8] [19, 20].
We can now understand why Mg gz(N) is insensitive to these extra directions, as, forming a
compact Grassmanian manifold, the Hilbert series is blind to them. Indeed, since in the theory
in ﬁg the gauge group is U(kg), the Higgs-like moduli space is empty, as no gauge-invariant
can be constructed out of fundamental fields. Consistently, formula gives a zero-dimensional
moduli space. However, as in [23], we can consider a version of the theory where only the non-
abelian SU (kg) part of U(kg) is gauged, while the U(1) is kept as a global baryonic symmetry
(alternatively, we could think of this as the master space [22] of the U(kg) theory). In this case we
can form baryon-like gauge-invariant operators, thus finding a non-empty moduli space which in
fact is a complex cone over the Grassmanian. It is straightforward to compute the Hilbert series.
Unrefining the flavor fugacities we have

HS = [ PE[Ntxo,,], (20)

where X, is the character of the SU (kRr) fundamental. Let us introduce the d-Narayana numbers



Nup= JZ:) (~1)k (dkn_+j1) ‘ﬁl (n +i +j) (n + z’)—1 | o

i=0 n n
Using them we can define the Narayana polynomial

N (d-1) (n-1) o
Pin(t)= ) Nanst". (22)
k=0

In terms of this polynomial one can see that

HS = (1—thr)kn-l-kaN p (23)

We can easily read-off the dimension of the moduli space from the pole at ¢ = 1, which is simply
coming from the pre-factor before the Narayana polynomial, finding (this result, not known in the
literature to the best of our knowledge, generalizes that in [34])

dimCMggz(N)|Grassmanian =kr (N - kR) +1. (24)

Recalling that the +1 is due to the U(1) over which we are not integrating over —resulting in
moduli space which is a complex cone over the Grassmanian—, we find a result in accordance with
eq..

Eq. is invariant under the exchange kr < N — kgi. Indeed, one can explicitly check that
the Hilbert series of the theories with SU(kr) gauge group and SU(N - kg) are identical up to
a trivial redefinition of ¢, thus suggesting a duality among these theories. Note that this should
imply non-trivial identities among Narayana polynomials which would be interesting to explore.
Such duality is also suggested by the brane construction in [21]@ In that reference, in a ITA system
consisting on an NS brane and a N.S’-N D4 branes intersection, kg D2 branes are stretched along
2% direction between the NS and the NS’-D4 intersection. Then, the N D4’s can be broken on
the NS’ and, say, the lower part of them can be sent to infinity. As argued in [21], the gauge
theory on the D2’s is precisely the 2d version of the gauge theory in the first panel in fig[2] Upon
T-duality along 22, this system engineers the actual 3d gauge theory of interest, namely that in
the first panel of fig]2] Explicitly, the system contains

e An NS brane along 012345.

e A braneweb with an NS’ brane along 012389 meeting N D5 branes along 012378 and ema-
nating a (1, N) fivebrane.

e ki D3 branes along 0126, starting at the braneweb junction and ending on the NS.

Note that the N.S’-D4 intersection in the ITA system becomes a braneweb in the IIB system, as
D5-branes meeting an NS’ give rise to a (1, N) fivebrane. In fact, it is precisely this bending
what gives the expected CS level in the 3d gauge theory [35, [36]. In this it is important to recall
that the D3’s meet the fivebranes right at the junction, as this is what makes the 3d theory to
contain only fundamental (and not antifundamental) matter [2I] which in turn generates the &
CS level.

We can now imagine crossing the NS to the other side. Then, due to the Hanany-Witten
effect, the final configuration contains N — kr D3 branes but is otherwise identical, consistently
with our finding that the two theories in ﬁg yield to the same Hilbert series (for a more detailed
account of the duality in the 2d case we refere to [21]).

Coming back to the general discussion, in view of the kr = 0 case it is natural to guess
that ungauging the abelian part of the largest gauge symmetry will allow us to resolve the extra
directions in M. To that matter, let us now consider the case ky, = 1. Writing the remaining

8We should stress that the same choice of FI parameters as in those reference, related to the stability conditions
in the ADHM-like construction applies.
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U(kgr) gauge group as U(1) x SU(kgr), we can compute the Hilbert series upon integration only
over the non-abelian SU(kr) part. In this case, finding a closed analytic form seems a daunting
task. Nevertheless, from explicit computations for ky =1 and kg = 2,3 and N =1, 2, 3, we find
that (the explicit forms of the Hilbert series are rather unilluminating and we will refrain from
explicitly displaying them here), reading the dimension of the moduli space from the order of the
pole at t = 1, the dimension is compatible with the formula

dimeMEI) = 2k N+ (N - &) + 1, (25)

which is precisely the expected result . Unfortunately, explicitly checking higher rank cases
is technically challenging. Nevertheless, it would be very interesting to perform further checks for
higher ranks.

3.2 Rank one and AdS/CFT

In the particular case of ky, = kg, upon setting N =1 and for k; = kr = 0, the theory engineering
the moduli space of unitary instantons on CP? becomes exactly that found in [29] to describe M2
branes probing C x C, the direct product of a conifold times the complex line. The metric of the
CY} cone can be written as

ds?

cone

dp? + p* s, (26)
2

2 2 cos?a 2 . .9 2
dy+ Y coside; | + 3. 5 (do7 +sin®0,d¢7) . (27)
i=1

i=1

COS2 (0%

9

dsg; da? +sin? ady? +
Then, on general grounds, the near-brane geometry for a stack of k;, M2 branes probing this cone
is AdS4 x B, which, in global coordinates, can be written as

2 2

ds? = - (1 + T) a2+ — T 2 (sin? 040 + d?) + AL2dSE, (28)
L2 (1+7)

being L the radius of the AdS, space. Besides, there is a 6-form flux whose field strength integrates

to kr, on B. Hence, in the large k1, (= kr) limit, the gauge theory is holographically dual to AdSyxB

with kz units of flux through B. It is thus natural to wonder whether, at least partially, the moduli

space of unitary instantons on CP? can be geometrically realized in this context.

As discussed in [29], the gauge theory contains a mesonic branch of the moduli space which
realizes the dual geometry. In general, it is natural to expect that the holographic dual captures
gauge theory operators made out of bifundamental fields, while those corresponding to fundamental
matter would require extra multiplets on top of the AdSyx B to account for the “flavor brane open
string” degrees of freedom. Hence, it is natural to expect that the subbranch of the instanton
branch involving just {A? B} fields is visible in the geometry. This is indeed analogous to the
cases discussed in [32] B7], where only the “closed string fields” in the quiver are captured by the
gravity dual.

More explicitly, following [32] [37], it is natural to expect that this subbranch of the instanton
branch is captured by dual giant graviton branes moving in the appropriate subspace corresponding
to the instanton branch. To that matter, we consider a probe M2 brane wrapping (¢,2), where
Q5 is the sphere inside the AdS;. Moreover we assume that ¢ = 1)(t) and ¢o = ¢o(t), while

v, a, 01, @1, 05 = constant . (29)
The action for such probe brane is

S:—TQ[\/—_g+T2fP[A(3)], (30)

which becomes

11



2 2 a2 . )
S:—TQVQ[dtr2 (\/(1+Z2)—4L ((;Ob CY(w(t)+<308029252(t))2 4L? cos 6(%111 02 (t)Q—).

It is easy to convince oneself that the equations of motion fix « = 0 (for simplicity, from now on
we set @ =0). Then, Legendre transforming to the Hamiltonian H = H (02, r, Py, Ps,) we obtain

/_Tz . Lz 3(5 - cos205) P2 — 24 cos 02 Py Py, +2(6P%, + 4L2r*sin® 0oT3VE) v, Tyr®
2sin? 0y L

H =

The minimum energy configurations are

P,
cosfy = —22 (31)
Py
for which
3P,
=0 =—+- 32
r or r VYA (32)

Both configurations are degenerated in energy, one corresponding to pointlike gravitons and the
other to true dual giant gravitons. The energy is

3P,
H="Y. (33)
2L

Coming back to the solution in eq. | ., we can parametrize the phase space of the spinning M2
as a dynamical system by the coordinates Q4 = {r,a,1,0s, 2} and the conjugated momenta P, =
{P.,P,, Py, Py,, P,,}. Moreover the conjugated momenta P4 must obey the following constraints

2L2 Ty Vor 2L%TyVar cos Oy
fr:Pr7 fa:Pa7 f02:P02a fw:Pw_#a f¢2:P¢2_f .

As usual, the matrix Map = {fa, fB}pB encodes the symplectic form associated to the phase space
of our dynamical system as {Q“, Q®}pp = (Map)™' (DB stands for Dirac brackets). Deleting
the row and column corresponding to the trivial o coordinate, we find

0 2L%T,Vy 0 2L%T, Vy cos 62

—2LTL Vs 8 0 8

MAB = 3

—2L°rsinfsT5V5
= 0 0 0 L%rsin 6, Th V-

3

—2L2 cos 02T Vs 0 2L%rsin0:,To Vs 0

3 3

Therefore the symplectic structure reads

2L2T5V: 2L°T. 0 2L2T5Vorsin @
222 Ady + #d?ﬂ\ depy — %d% Adps .
Integrating we obtain
2L2T, Vs
= Tzﬂ“ (dp + cosbadps) = w=dv. (34)

Hence, upon introducing p? = 4L?TyVar/3, we just recover the data of C2. Following [32] [37],
we can do symplectic quantization of this dynamical system. On general grounds, that amounts
to identify the holomorphic functions on the phase space —in this case C2- with the allowed
wavefunctions. These can easily be counted, simply obtaining the Hilbert series for C2.

Let us now turn to the gauge theory. As discussed, we expect our probe branes to be dual to
operators on the instanton branch not containing fundamental fields. These are of the schematic
form

12



On,m = (A*>BY)" (A B*)™. (35)
Note that the F-terms imply that the B? indices are completely symmetrized; that is, the operators

(n+m)
2
for a fixed R charge R[Oy,m] = 2 (n+m), the number of operators is (n +m) + 1, and the
corresponding generating function is just ¥720(j + 1)z? = (1 - 2)72, which is precisely the C?

Hilbert series —here z is a generic fugacity—.

We can explicitly compare the gauge theory operators with our probe brane configurations in
the gravity side. To that matter, let us first note that exactly the same configuration in the gravity
side would have been obtained fixing 0 = 0, 7 and having our brane orbiting 1) + ¢; respectively.
Hence, in all our formulas we can trade v for 1/; =1 +¢1. In particular, eq. becomes H L = % PJ}'

In order to compare our probe branes with the gauge theory operators we need to identify
charges. It is reasonable to guess that the momentum along v is proportional to the R-symmetry.
Hence let us identify Py = r, being r (not to be confused with the arbitrary integer in table
1)) proportional to the charge R under the U(1)g in way to which we will shortly come back.
Moreover, in order to understand the Py, , momenta, it is instructive to consider momentarily
removing the quarks from the gauge theory. It then exhibits an SU(2) 4xSU(2) g global symmetry,
rotating respectively the A and B fields. Then, the quark multiplets break the SU(2)4 down
to a U(1) 4, while the SU(2) rotating the B’s remains as a global symmetry. We identify the
U(1) s charge, denoted as Qa, with Py, as Q4 = Ps,. With no loss of generality, let us assume
Qa[A?%] = %, which corresponds to the choice 61 = w. Then Pj = Py—Fy, translates into Py = r-Qa.
Analogously, we identify Py, with the Cartan of the SU(2)p denoted Q5.

Note that eq.(31) translates into Qp = (r-Q4) cosfs, and therefore Qp € [-(r-Qa), (r-Qa)].
Let us compare this with the gauge theory operators . Using table (1} the charges of the

operators in the expression are R[Oy ] = w and QA[On,m] = "5™. As expected, being

On,m are in a spin representation of the SU(2) global symmetry rotating the B"’s. Hence,

chiral operators, they satisfy the usual relation A = R. Moreover, it is clear that Qp = "5,
so that Qp € [—%, %] Comparing the ranges for Qg in gravity and field theory we find the
identification
3
R:E(T—QA). (36)

Turning now to the energy for our branes, we find H L = % (r = Qa4), which, upon using eq.,
becomes A = R, precisely as expected for chiral operators.

Moreover, we can explicitly fix the value of . To that matter, let us turn to the field theory
operators and consider the highest Qg weight state, which corresponds to m = 0. For this one
Qa = Qp =2, while R = 294, In turn, from the gravity side, the brane with highest Qp is
®@p =71 - Q4. Since this must correspond to Qp = Q4, we find Q4 = 2r. Hence, this implies
r=4E8

V%/e can offer an alternative test of our identifications. To that matter, let us consider metric
fluctuations polarized along the internal manifold. On general grounds, these fluctuations corre-
spond to operators of the schematic form 7 O, being T the stress-energy tensor of the theory.
Note that, for the particular case when the inserted operator O is one of those in eq., we
expect that the dimension is 3 + A. In turn, these fluctuations satisfy the Klein-Gordon equation
in AdSy x B. For a CY} of the form C x C this problem was considered in [38], where it was shown
that the dimension of the dual operators can be written in terms of the eigenvalues of the scalar
laplacian on C. In turn, borrowing the results from [39], the eigenvalues of the scalar laplacian on
the conifold are

2
EC=6(€1(£1+1)+€2(£2+1)—%), (37)

where £; o are respectively, the SU(2) 4 x SU(2) g total spin and r the charge along the 1 direction.
For the operators in eq. we have that ¢1 = £ = £. In turn, the charge r must satisfy 5 € (¢, £).
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Focusing on the highest weight state, we would require r = 24, which is nothing but r =2Q 4 as
seen before. Then, using [38],

3
A=3+ 3 I (38)
This precisely coincides with our expectations upon identifying A = %ﬁ. This can be written as
A= %7 which becomes A = R upon using the identification r = % advocated above.

Let us stress that these tests find exact matching between the gauge theory expectations and
the gravity dual computations by making explicit use of U (1) g charge assignations. Since these are
not protected in A = 2 theories, the agreement we find should be regarded as a highly non-trivial
check of the duality.

So far we have considered the case k; = kr. It is natural to expect that k; # kg can be
accommodated into the gravity dual by adding non-vanishing flat B over a 2-cycle in the internal
manifold [40]. Nevertheless, such modification of the background would not change our computa-
tion. Hence we would find the same result even for the case kr # kg, in agreement with the field
theory result where the Hilbert series only depends on min(ky, kg).

4 U(N) instantons on CP?/Z,

A natural generalization of the ADHM construction of instantons on CP? is to consider orbifolding
the ambient manifold upon quotienting by a subgroup of its symmetries. In particular, since CP?
is invariant under a U(1) xU (1) action corresponding to the ¢, ¢ coordinates in eq.(3)), it is natural
to consider quotienting such symmetry by some discrete subgroup of it. Note that the spinors in
eq. are constant and morever annihilated by el 5 (J12=Ts4) (Ji; are the Lorentz generators in
tangent space indices J;; = é [I';, T';]). Therefore we can consider a Z, orbifold of the ¢ direction
whereby we restrict ¢ ~ ¢ + 27” In the rest of the paper we will be interested on the ADHM
construction of instantons on these orbifolded spaces. To that matter, we will take as starting
point the ADHM construction in the unorbifolded case, on which we will implement the orbifold
by standard methods [9].

Let us consider the case of unitary instantons presented above. In order to find the orbifolded
theory we first need to identify the transformation properties of the fields. These read:

e The fields A7 (with j = 1,2) in the bifundamental representation.
Al At (39)
e The fields B; and Bs in the bifundamental representation.
B' v wlyBATl, B e wayeB?yrt, with w, = 2™ (40)

e The fields @ and gq.
g~ Qe (41)

where the matrices 71, 72 and 3 are given by

2n-1
: n-1 n-1 .
v =diag( 1, ..., 1, wpn, ooy Wpy ooy wyy ey wi” ) with Z ki=kp,
M — —_— i odd
k1 times ks times kopn_1 times
1 1 2n
. n— n— .
Yo =diag( 1, ..o, 1,Wn, eoey Wiy ooy Wiy ey +)  with z ki=kp,
— —_— i even
ko times k4 times ko, times

n
: n-1 n-1 :
v3 =diag( 1, ..., 1 ,Wn,y eery Wy ooy wyy ey wyy ) with ZN%' =N.
—— — —_— i=1
Nj times N» times N,, times

14



It’s easy to check that the superpotential is invariant under the transformations (39)-(1).
In addition, the two gauge groups U(kz) and U(kg) of the initial theory and the flavor group
U(N) are broken to

Ulke) > ® Uk, Ulka) > @ Ulk), UN) > @UND.

and after the action of the transformations — the various fields become

A, 0 0 .. 0 A3, 0 0 0

0 AL, 0 .. 0 0 A%, 0 0
A= 0 o0 A ... 0 |, A*’=| 0 0 A% 0o |,

U U 1

o o0 o0 o0 AL, o 0 0 0 A%

0 0 0 B, 0 B, 0 .. 0
B 0 0 0 0 0 B .. 0
B'=] 0 B o0 0 |, B*= 0 0o 0 .. .. ,

0 0 B .,
0 0 0 Bh,, 0 B2,, 0 0 0 0
gu 0 O 0 Qi 0 0 0
0 g O 0 0 Q@ O 0
g=| 0 0 9gs3 0 |, @=| 0 0 Qs3 0
0 0 0 0 qum 0 0 0 0 Qun

4.1 Constructing U(N) instantons on CP2/Z,

Let us now show the actual construction of unitary instantons on CP?/Z,,.

4.1.1 The CP?/Z, case

Let us consider the simplest case of the Zy orbifold. Applying the rules above we obtain a theory
whose quiver is reported in ﬁg together with the superpotential . Note that WFUI denotes
the superpotential for F{ (the first phase of the Fy was studied in [41] in the case of 4d field
theories and in [42] in the context of 3d field theories). Moreover, for future reference, we compile
the transformation properties of the fields and the F-terms under the various symmetry groups in
table 2

Fields U(k) U(ks) U(ks) U(ks) U(N) U, |l sue) o)
A% [1,0,...,0]+1  [0,...,0,1]_4 [0]o [0]o [0]o [0]o [0] 1/2
A3, [0]o [0]o [1,0,...,0]s1  [0,..,0,1]4 [0]o [0]o [0] 1/2

Bi,, B [0]o [1,0,..0]1 [0,...,0,1] -y [0]o [0]o [0]o [ 14

Bj,B3, || [0,...,0,1] [0]o [0]o [1,0,...,0]41 [0]o [0]o [1] 1/4
au [0]o [1,0,...,0]1 [0]o [0]o [0,..,0,1] [0]o (0] 1-1/4r
Qu [0,...,0,1])4 [0]o [0]o [0]o [1,0,...,0)41 [0]o [0] 1/4r
g2 [0l (0] [0] [1,0,....00s1 [0]o [0,...0,1] || [0]  1-1/4r
Q22 [0]o [0]o [0,..,0,1]4 [0]o [0]o [1,0,...,0]1 [0] 1/4r
Py [0,..,0,1]-1  [1,0,..,0]41 [0]o [0]o [0]o [0]o [0] 1
F [0]o [0]o [0,..,0,1]-1  [1,0,...,0]41 [0]o [0]o [0] 1

Table 2: Transformations of the fields and of the F-terms for the CP?/Z; theory.

15



U(Ny)

1 2
/411 1411

1 2
1422 [422

U(N2)

Figure 3: Quiver diagram for the CP?/Z, theory.

w :Tr[AilB{QAIQCQBéleikejl +q11 AT Q11 + g2 A3 Qo] =
=Wgr + Tr[g11 A1 Q11 + 42245,Q22]

In the unorbifolded case the instanton branch appeared upon setting A = 0. Therefore, in this
case we need to impose A}; = A3, = 0. Then, the only relevant F-terms are

(42)

Fy:00 W= Biy A3, B3 — By A3 By + Qi1 =0, (43)

Fy: 041 W = By AT BYy - B3 A Bly + ¢22Q22 = 0. (44)

This describes the ADHM construction for instantons on CP?/Zs.

As we have reviewed above, in in the unorbifolded case it is possible to map instantons on CP?
into instantons on C2. Inherited from this we can find a mapping from the ADHM construction
for instantons on the orbifolded space into that for instantons on the appropriate orbifold of C2.
To see this, using the map 7 in eq. we have the following identifications between the fields of
the CP?/Zy theory and the fields of the C?/Zy theory

0 A2 B2 0 X3 A% q 0 I 0
AsB, = nbiz | _ 12 ) - x2 42,= 11911 _( In _
22 ( A3, B3, 0 ) ( X5 0 o 0 A3oq22 0 I

_ 0 A} By \ _ 0 X \_ 1 [ Qu O f Juu 0\
A2Bl_(A§23211 0 X3 0 =X Q= 0 Qx ) \ 0 Jxn =
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Then, upon multiplication of the F-term relations and by Al, and A2, respectively,
these can be rewritten as

X112X221_X122X211 +111J11 =0, (45)

Xy XTo = X531 X1p + InoJ22 = 0, (46)

which are the F-terms relations for the C?/Z, theory [32]. Hence, we recover the analog to the
unorbifolded case, namely that the moduli space (at least removing possible compact directions
to which we will come back below) is biholomorphic to the moduli space of C?/Z,.

The Hilbert series of instantons described by the theory with flavor group U(N7) x U(Nz) and
gauge ranks k = (k1, ko, k3, kyq) E| reads

H[k, F,CPZ:)(t,2,5,d) = [ djwy() [ diay(w) [ dia iy (2)%
/ dHU(k4)(V)PE[XA§1t2 + XAg2t2 + Xpg, b+ Xpg t+ X B2+ X0 62+ Xgoot o+ (47)
+ XQaat” — XA~ XR,t'],
where we are using the following notation
e The fugacity t is associated with the R-charge and keeps track of it in unit of one quarter.

e The fugacities u,w,z and v are associated with the gauge groups U(k1),U(kz2),U(k3) and
U (k4) respectively.

e The fugacities x,y and d are associated with the global symmetries SU(2), U(Ny) and
U(N3) respectively.

e The contribution of each field is given by

k}l k:g k"g k4 k2 k-g
XA%] - Z Zuawbl7 XA2 - Z Z’Zﬂvbl’ XBJ :( )Z Zwazb 9

a=1b=1 a=10b=1 a=1b=1

k4 kl kl k‘2 k3 k4
XBV ( ) Z Zvaub y XF = Z Zuglwba XFy = Z Z'Z;lvby

a=1b=1 a=1b=1 a=1b=1
ko Ny 1 N1 ki 1 ka No 1 N2 k3 1
thl = Z Zwayb ) XQll = Z Z Yally, 5 quz = Z Zvadb ) XQ22 = Z Z dazb
a=1b=1 a=1b=1 a=1b=1 a=1b=1

e The Haar measure of each U(k) gauge group is taken equal to

fd“U"“)(u) Il (Hﬁﬂmmu;) [T (=) (=)

1<i<j<k

In addition, PE stands for the plethystic exponential, defined as PE[f(:)] = exp(Xor; f(:) ).

Explicit computation shows that the Hilbert series on the instanton branch for gauge group
G =U(k1)xU(ke)xU(ks) xU(k4) with flavor group U(Ny) x U(Nz) corresponding to instantons
on CP?/Z, is equal to the Hilbert series on the Higgs branch of the A; quiver with U(K;)xU(K3)
gauge symmetry and global U(N;)xU(N3) symmetry, corresponding to instantons on C?/Zy [32];
where

Kl :min(kl,kg), KQ :mil’l(kg,k4). (48)

In fig[] we graphically summarize the relation between the theory describing instantons on
CP?/7Zy and that describing instantons on C?/Z,. Note that each flavor node flavors two adjacent
nodes, which are precisely those “merging” into a single node in the C?/Zy cousin.

9We will summarize the ranks of the various gauge groups with a vector k and the ranks of the flavor groups
with a vector N.
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U(N1)

Ky = min(k, ko)

U(k1) ((kz) @ U(Ny)
U (ks) U(ks) @ U(N2)

K = min(ks, kq)

A
<

NS

1O

U(N2)

Figure 4: Relation between the CP?/Zy quiver gauge theory (on the left) and the corresponding
C?/Zsy quiver gauge theory (on the right).

Let us turn to explicit examples supporting of our claim.
U(N,) instantons: k=(1,1,1,1) and N = (/Ny,0)
Using eq. we have

H[k:(1,1,1,1),N:(Nl,O),(CPQ/Zg](t,x,y):ﬁﬁé; d—“ﬁ[w d—“’j‘f dz

=1 u =1 w Jzl=1 2

dv 2 2 2 2 4 4
ﬁ,|=1?XPE[XA%1t +XA§2t +XB{2t+XBglt+XQ11t FXQut" —Xmt —Xmt ]a

where the various characters are given by E
=uw™! =zt i =|lz+ l wz ! i =|x+ 1 U v
XA%I - ) XA§2 - ) XB{2 - T ) XB% - T )

XF, = u71w7 XFy = Zﬁlv7 Xqu1 = wpil[oa "'507 1]273 XQu1 = uilpl:lvov ’0]?] .

Integrating over z and v we obtain

1 du dw (11922 (u+ t*w) 9 9
- du aw PE[v.. %+ vo,. 2],
(2mi)? j\gu\:l u .9\§w\:1 w (2u—w)(tw - 22u) (u - tAo2w) * PEDtu "+ xau ]

then integrating over the second gauge group we find

1+15 116 du - 1o
—PE 70, ...,0,1 |5 +u "pt?[1,0,...0];].
(1 15/22)(1— t522) " (20) ﬁgm:l o VELup #70, -, 0,15 + u”pt[1,0,..0]5]

We can reabsorb the fugacity p of the U(1) flavour as u’ = up~t. Therefore the previous integral
becomes

1+1¢5 146 du’

% o

(1-t5/22)(1 - t522)  (2mi) Jjwi=1

10We rewrite the flavor group U(Np) as U(1) x SU(N1). We denote with p the fugacity of the U(1) subgroup
while we denote with § the fugacities of the SU(N71) group.

x PE[u/t*[0,...,0, 1] + t3/u/[1,0,...0]5],
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finally, doing u’ = us/t, the previous expression becomes

1+1¢° 1-1¢° dus 5 A
2 PRE[ugt®[0, ..., 0,1]; + t3u3[1,0,...0],].
(1-6/22)(1 - t522) X (2mi) ﬁ [uat”[ lg+touz | 15

2|=1 U9
This last expression coincides with the Hilbert series for one SU(N;) instanton on C?/Z (it co-

incides with the eq.(2.15) of [32]).

e U(1) instanton: k=(2,1,1,1), and N = (1,0)

Using eq., we find that

1+1¢8
(1= 15/22)(1 - 1522)°

which is the Hilbert series of one U(1) instanton on C?/Z,.

H[k=(2,1,1,1),N = (1,0),CP?/Z](t,z) =

e U(1) instanton: k=(2,1,2,1), and N = (1,0)

Using eq., we find that

1+18

H[k=(2,1,2,1),N = (1,0),CP?/Z5](t,x) = TR

which is again the Hilbert series of one U(1) instanton on C?/Z,.

e U(1) instanton: k= (1,2,1,2), and N = (1,0)

Using eq., we find that

1+1¢8
(1= 16/22)(1 - f522)’

H[k=(1,2,1,2),N = (1,0),CP?/Z5](t,z) =

which is again the Hilbert series of one U(1) instanton on C?/Zs.

e U(2) instanton: k=(2,1,1,1) and N = (2,0)

Using eq., we find that
(1 +15)222y 90
(86 - 22) (1 - t522) (51 — y2)(y1 — t0y2)

being y; and yo the fugacities of the flavor group. The previous expression coincides with
the Hilbert series for one U(2) instanton on C2/Zs.

H[k=(2,1,1,1),N = (2,0),CP?/Zy](t,z,y1,y2) =

e U(2) instanton: k=(2,2,1,1), and N = (2,0)

Using eq. and unrefining for simplicity we find

143t + 11812 + 1068 + 11424 + 3¢30 + ¢36
(1-16)6(1 +1¢6)3 ’

which is the unrefined Hilbert series for K = (2,1) instantons with flavor group N = (2,0)
on C?/Z,.

H[k=(2,2,1,1),N = (2,0),CP?*/Z5](t,1,1,1) =
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e U(2) instanton: k=(2,2,1,1), and N = (0,2)

Using eq. this time we find that
(L+9) (22 + 522 + 1822 —#12(1 + 22 + 2%))y190
(10 —22)(1 - 152) (%1 - y2) (y1 — t%%2)

being y; and ys the fugacities of the U(2) flavor group. The previous expression is the
Hilbert series of K = (2,1) instantons with N = (0,2) on C?/Z,.

H[k=(2,2,1,1),N = (0,2),CP?/Z](t, 2, y1,y2) =

4.1.2 The CP?/Z3 case

Let us now consider the case of CP?/Z3. Using the rules above, we find that the quiver describing
the moduli space of instantons on the CP?/Zj is ﬁg We summarize the fields quantum numbers
in table Bl

U(N1)

Qu

U(kr) L U(kz)
Ay AYy

q33

U(N3) B2, U(N2)
Q33 U ks) U(ks) 22

Figure 5: The quiver diagram for the CP?/Z3 theory.

The superpotential becomes

W =Te[ A, Byy ATy BYy — A}y Biy A3, By, + Ay Byy A3, Bl — Ay By A3y Biy+

(49)
- AésB;A%lB%zz + A}1B%3A§3B§1 + Q11A%1Q11 + q22A§2Q22 + Q33Az14,3Q33] .

Now the instanton branch emerges upon setting A}, = 0. The relevant F-terms are
Fy:00 W= Bi3 A3 B3y — Biy A3 By +¢11Qu =0,
Fy: 901 W = By A7 BYy — B33 A3 Biy + q20Qa2 = 0,

Fy: 8A§3W = B3y A3, By; - B3 AT By + 33Q33 = 0.

This defines the ADHM construction for instantons on CP?/Zs.
If we multiply the Fy,F, and F respectively by A%, A3,.A42; we obtain

A3 Bl A3 B3, - AT, BYy A3y By + AT 11Q11 = 0, (50)
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AngélAlefQ - A%zB§3A§33§2 + A%QQQQQQQ =0, (51)

A33 B3y A3, B3s — A3 B3 AT Blg + A33q33Q33 = 0. (52)

It is easy to check, using the identification provided by the map 7 in eq., that the expressions
— match the corresponding F-terms of the C?/Z3 theory. Note that, as opposed to the
unorbifolded and Zs orbifold, the SU(2) global symmetry rotating the B; fields is broken due to
the orbifold action. This correlates with the fact that the moduli space of instantons on CP?/Z,,
is biholomorphic to the moduli space of instantons on C?/Z,,, which exhibits an SU(2) symmetry
for n =1, 2 but not for higher n.

Fields U(ky) U(k2) U(ks) U (ky) U(ks) U(ke) U(Ny) U(N3) U(N3) U(l)r
A [ [1,0,,0) [0,.,0,1] [0]o [0]o [0]o [0]o [0]o [0]o [0]o 1/2
A3y [0]o [0]o [1,0,...0]s1 [0,..,0,1]4 [0]o [0]o [0]o [0]o [0]o 1/2
A3y [0]o [0]o [0]o [0]o [1,0,.5,0]41 [0,.,0,1]4 [0]o [0]o [0]o 1/2
By [0]o [1,0,...,0]41 [0 [0 [0,...,0,1]-, [0]o [0 [0]o [0]o 1/4
By [0,...,0,1]y [0]o [0]o [1,0,...,0]41 [0]o [0]o [0]o [0]o [0]o 1/4
By [0]o (0o [0,...,0,1]- [0]o [0 [1,0,...,0]+1 [0 [0]o [0]o 1/4
Bty [0]o [1,0,...,0]s1 [0,...,0,1] [0 (0o [0]o [0 [0 [0]o 1/4
By [0]o (0o [0 [1,0,....0]41 [0,...,0,1], [0]o [0 [0]o [0]o 1/4
By | [0,..,0,1]-y (0o [0 [0]o [0 [1,0,....0]:1 [0 [0]o [0]o 1/4
an [0o (1,0,...,0]+1 [0]o [0]o (0]o [0o [0,...,0,1], [0 [0]o 1-1/4r
Qu [0,...,0,1]4 [0]o [0]o [0]o [0]o [0]o [1,0,...,0]41 [0]o [0]o 1/4r
P (0] [0]o 00 [L0,.0]n [0]o [0]o 0 100104 [0 =11
Qa2 [0l [0l 0,0, 1]¢ [0l (0] [0 [0l (1,0, 0]t [0l 1/dr
. [0%o [0l [0l [0l [0l (1,0, 0] [0l [0l [0,20.1]1 || 1=1/ar
Q35 [0Jo [0l [0l [0l [0,00,1]1 [0%o [0l [0l [L0,..00 || 1/ar
P [0,...,0,1]-1  [1,0,...,0]41 [0]o [0]o [0]o [0]o [0]o [0]o [0]o 1
I [0]o [0]o [0,...0,1].1 [1,0,...,0]s1 [0]o [0]o [0]o [0]o [0]o 1
Fy [0]o [0]o [0]o 01 [00.1] [L0, 0] [0]o [0]o [0]o 1

Table 3: Transformations of the fields and of the F-terms for the CP?/Zj3 theory.

The Hilbert series for F' = U(Ny)xU (Ny)xU(N3) instantons on CP?/Zs with the configuration
k = (k1, ka2, k3, k4, ks, ke ) reads

H[k,F, (CPQ/Z?,](@Y’ d,s) = / d.UU(kl)(u) f dﬂU(k2)(W) f d,uU(kg)(Z) f dMU(k4)(V)><
[ dpu (i) (3) f dpy(re) (€) X PE[x a2 1% + xaz, 1> + Xaz,t> + X2t + X2, t + Xp2,t + X, T+

+ XB}3t + XB§2t + Xqut2 + XQ11t2 + quzt2 + XQ22t2 + an3t2 + XQ33t2 - XF1t4 - XF2t4 - XF3t4:| )

(53)
where the contributions of the F-terms and the various fields are given by
k}3 k?4 1 k?5 k}e 1 ]Cz Ny 1 Ny kl 1
XFy = Z Z Za Vb, XF3 = Z Zja Cvy Xqi1 = Z Zwayb y XQu = Z Zyaub )
a=1b=1 a=1b=1 a=1b=1 a=1b=1
kq4 No 1 Ny ks 1 ke N3 1 N3 ks 1
Xagz2 = Z Zvadb y XQaz2 = Z Z dazb y Xgss = Z Z CaSp 5y XQz3 = Z Z Salv s
a=1b=1 a=1b=1 a=1b=1 a=1b=1
k1 ko 1 k3 ka ks ke 1 ko k3 1 ka ks 1
_ - _ -1 _ - _ — _ —
XAz, = Z Zuawb » XA2, = Z Zza”b » XA2, = Z Z]acb » XB2, = Z Zwazb » XB2, = Z ZUan )
a=1b=1 a=1b=1 a=1b=1 a=1b=1 a=1b=1
ke k1 1 kq ki 1 ka ks ke k3 1 k1 ko 1
_ - _ - _ 1 _ — _ _
XB2, = Z anub » XBY, < Z Zvaub ' XBl, = Z Zwa]b »XBL, = Z anzb y XFy = Z Zua Wy -
a=1b=1 a=1b=1 a=1b=1 a=1b=1 a=1b=1

As in above, the Hilbert series on the instanton branch of the quiver describing instantons on
CP?/7Z,, with gauge group of G = U(ky) x U(kg) x U (k3) x U(ks) x U(ks) x U (k) and flavor group
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U(Ny) x U(N3) x U(N3) is equal to the Hilbert series of the Higgs branch describing the moduli
space of instantons on C?/Z3 with flavor group U(N;) x U(N3) x U(N3) instantons and gauge
group K = (K7, Ko, K3) [32], where

Kl = min(kl, k‘z), K2 = min(kzg, ]{34) and K3 = min(k5, k@) . (54)

We can again summarize graphically the relation between the theory describing CP?/Zs in-
stantons and its C?/Z3 cousin as in ﬁg@ As in the Zy orbifold case, each flavor node flavors a
pair of gauge nodes which “merge” into a single node in the cousin C2?/Zs theory.

U) U(N)

U(N3)

Figure 6: Relation between the CP?/Z3 quiver gauge theory (on the left) and the corresponding
C?/Zs3 quiver gauge theory (on the right).

Let us support our claim with explicit examples.
U(1) instanton: k= (1,1,1,1,1,1), and N = (1,0,0)
Using eq. we find that

1-t3+1¢5
(1-3)2(1 +t3 +16)°
which is the Hilbert series for N = (1,0, 0) instantons and K = (1,1,1) on C?/Zs.

H[(1,1,1,1,1,1),(1,0,0),CP?/Zs](t) =

U(2) instanton: k=(1,1,1,1,1,1) and N = (1,1,0)
Using eq. and unrefining we find that

1+16 4269 +2¢12 4 2415 4 418 4 424

2
H[(la]'?]'?l,]-?]‘)?(]‘?130)7CP /Z3](t71ﬂ1) = (1 —t3)4(1 +t3)2(1 +t6)(1 +t3 +t6)2 Y

which is the unrefined Hilbert series for N = (1,1,0) instantons and K = (1,1,1) on C?/Zs.

U(1) instanton: k=(2,1,1,1,1,1) and N = (1,0,0)
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Using eq.(53) we find that

1-t3+1¢8

H[(2,1,1,1,1,1),(1,0,0),CP?/Z3](t) = A PR B )

which is again the Hilbert series for N = (1,0,0) instantons and K = (1,1,1) on C?/Zs.
U(1) instanton: k=(2,1,2,1,1,1), and N = (1,0,0)

Using eq. we find that

1-t3+1¢8

H[(2,1,2,1,1,1),(1,0,0),CP?/Zs](t) = PR+

which is again the Hilbert series for N = (1,0,0) instantons and K = (1,1,1) on C?/Z3.
U(2) instanton: k= (2,1,1,1,1,1), and N = (2,0,0)

Using eq. we find that

1-13+2t5 =19 + t12)y 00
H[(2,1,1,1,1,1),(2,0,0),CP?/Z3](t,y1,y2) = ( ;
[( ) (2,0,0), CPY/Zs]1(t 1, 92) (1= t3)2(1+13 +16) (tSy; — y2) (92 —y1)

being y; and yo the fugacities of the flavor group U(2). The previous expression is the Hilbert
series for N = (2,0,0) instantons and K = (1,1,1) on C?/Z3.

U(2) instanton: k =(2,2,1,1,1,1), and N = (2,0,0)
Using eq. and unrefining we find that

H[(2,2,1,1,1,1),(2,0,0),CP?/Zs](t,1,1) =
134240 -7+ 3¢12 4 2415 — 18 — 421 5127 4 2450 — 5138 39 — 442 4 2415 4 348 — 4P 4 2451 — 457 4460
B (1= 3)A(L+13)2(1 + 3 + 16) (1 - t12)2(1 — £15)2 ’

which is the Hilbert series for N = (2,0,0) instantons and K = (2,1,1) on C?/Zs.
U(2) instanton: k= (2,1,2,1,1,1), and N = (2,0,0)

Using eq. we find that

1-3 42t =19 + t12)y1 90
H[(2,1,1,1,1,1),(2,0,0),CP?/Z3](t,y1,y2) = ( ;
€ ) (20,00, CP 2l y1:2) = 5o (7575 4 49 (01 = 1) (992 — 1)

being y; and yo the fugacities of the flavor group U(2). The previous expression is the Hilbert
series for N = (2,0,0) instantons and K = (1,1,1) on C?/Z3.

4.1.3 The CP?/Z, case (n > 3)

It is now easy to generalize the previous construction of U(N) instantons to higher orbifolds of
CP2. For a general Z,, orbifold, the resulting procedure is as follows (see ﬁg

e The quiver has 2n circular nodes linked together in alternating way, i.e. a segment with
fields Aj; and A, is alternated to a segment with field B}, (see fig (a)).

e Then we add the contribution due to the fields B}, ;. In order to do this we begin from one

circular node (for example the one in which there is the gauge group U(k;)) and we move in
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clockwise sense counting three segments (in this case we will count the segment labelled by
A}, the segment labelled by B?, and finally the segment labelled by Al,). When we reach
the circular node at the end of the third segment we draw a line between this node and the
initial circular node (in this case a line between the node U (k4) and the initial node U (kq)).
This line we will labelled by a B}, ; field (in the case we are considering by the field B%’l)

i+1,%
(see ﬁg (b)).

e We apply the same procedure starting, this time, from the next circular node arising from
the first gauge group U(kr) (in this case the one labelled by U(ks)) and we will continue
to apply this algorithm up the end of circular nodes arising from the decomposition of the
first gauge group. Finally we add the contributions due to the various flavour groups, and
we obtain the quiver reported in figl7] (c).

Figure 7: Construction of the quiver diagram for the CP?/Z4 theory.

Note that N corresponds to the sum of the ranks of the flavor nodes. In turn, gauge ranks
correspond to the instanton number as well as, together with relative flavor ranks, other quantum
numbers describing the instanton (we will briefly come back to these issues below).
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We can compute the Hilbert series on the instanton branch. In general, we find a corre-
spondence between the Hilbert series for the moduli space of N = (Ny, ..., N,,) instantons with

k = (ky,ko,...,kon) on CP?/Z, and the Hilbert series for the moduli space of N = (Ny,...N,,)
instantons with K = (K, ..., K;,) on C?/Z,, upon identifying

Kl = min(kl, ]4}2), K2 = min(k3,k4), Kn = Hlin(k‘gn_l,k‘gn) . (55)

This can be easily proven in the particular case

G- %U(l)ia F=QU(N,

i=1

Moreover we denote with z; i = 1,...,2n the fugacities of the various U(1); gauge groups and with
u; and g; the fugacities of each flavour group U(N;) (being u; the fugacity of the U(1) part while
J; are the fugacities associated with the SU(N) part of the flavour group).

The Hilbert series reads

2n dz;
’L

H[(1,1,..,1), (N1, Nay .y Ny ), CP2/Z ) (¢, i iis) = Hzmﬁ[z HXAZ (t, 2051, 22)) %

I Zi 51

XB2,,, (, 225, Z2j+1)XB;+Lj (2, 225, 22j-1) X (8 22j-1, 225) Xa 5 (1 2255 > 145)XQ; 5 (s 2251, Uy 1)
(56)
The contributions of the various fields are [[1]

XAij(taZ2j—1yz2j) = PE[tQZQj—le_jl]a XB?)j+1(t722j722j+1) = PE[tZQjZQ_jl+1] )
xp,, (b 22502, 2251) = PE[tzj4275, 1], X, (t, 221, 225) = PE[-t*25 1 29;],

XQj,j (t, 22j-1, :Jj,Uj) = PE[tQZQ_jl_l[l, 0, ceey 0]% Uj], qu,j (t, 224 y}7 Uj) = PE[tQZQj [O7 ceey 0, 1]‘%’&;1] .
Therefore the Hilbert series becomes

jg dZZ n PE t22’2] 1[1 0,. O]@.uj+t222j[0,...,O,l]gju]_-l](zgj_l —t422j)
27” il 2 e 1 = = (225 — tP225-1) (1 - )(1 - tZ2-j+2)

22541 22j-1

It is important to note that we can integrate over the gauge group U(1); with an even value
of the index ¢. This is due to the fact that the only contribution to these integrals come from the
poles located at zo; = t222j_1. Therefore, performing the integrations, we obtain

% dzl n PE 22;_1[1,0,...,0]?]].1% +t422j71[0 ,0, ].]y] j ](Zgj,l—tGZQj,l)
|

320 3 ?
zil Zi o 1 291 (1 _ Bz ) (1 _ Z?J+1)

g odd 27”
22541 Z2j-1

then we perform the change of variables z9;_1 = tz2;_1

’?g‘ de n PE Zle_l[].,O,...,O]y-jUj +t32’2j71|:0 ,0, 1]y7 j ](1 —t6)

t3z j— t3z J+ ’
ok () (1 5)
finally we observe that, instead of consider only the odd numbers between 1 and 2n, it is more

useful to consider all the integers numbers between 1 and n. Therefore we can make the following
replacements zp;_1 + z; and 22541 ~ 2541 and we rewrite the previous integral as

% odd 27”’

CE| dz; n = _ _ _ _
H%yl{ EE (=19 T[] PE[£32 11,0, ..., 0], s + £22[0, .., 0, 1]y 1 " IPE[3 227 + #3251 23],

2| Zi j=1

which is the Hilbert series for N = (Ny, Ny, ..., N,,) instantons with K = (1,1,...,1) on C?/Z,, (it
coincides with the expression (2.41) of [32]).

HSee fig.

25



Qj+14,j+l

A?+1,_7‘+1 U(Nj+1)

qj+1,5+1

Figure 8: Basic element of the quiver diagram for the CP?/Z,, theory.
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Up to now we have deliberately postponed discussing the identification of the quantum numbers
of the instanton. Recall that in the C?/Z,, case [32] the instanton is described by n -1 first Chern
classes, one second Chern class and n holonomies of the gauge field, all in all a total of 2n quantum
numbers corresponding to the 2n integers specifying the A,,_1 quiver.

In the case at hand, the quiver describing instantons on CP?/Z, is specified by a total of 3n
integers, corresponding to 2n gauge ranks and n flavor ranks. In turn, we expect the instanton
on CP?/Z, to be described by 2n — 1 first Chern classes —corresponding to n orbifold copies of
the CP? 2-cycle plus n — 1 extra 2-cycles introduced by the orbifold—, one second Chern class and
n holonomies, hence totalling the expected 3n quantum numbers. While the exact identification
of integers is not known, note that, from the examples above, the mapping of the CP?/Z,, quiver
into the C?/Z,, one is such that one node of the latter arises from the “merging” of two adjacent
commonly flavored nodes of the former; in such a way that the common flavor group in the CP?/Z,,
case becomes the flavor group in the C?/Z,, case. Hence it is natural to guess that the n holonomies
correspond to the n flavor nodes. Moreover, the n — 1 first Chern classes associated to the cycles
arising from the orbifold are naturally associated to the diferences among the minima of the ranks
of each pair of “merging nodes”. Obviously there are n such nodes arising from “merging”, whose
n — 1 rank differences would correspond to first Chern classes. In turn, the relative rank between
the “merging nodes” is naturally associated with the n remaining 2-cycles, orbifold copies of the
original 2-cycle in CP?. Finally, the sum of ranks is naturally related to the second Chern class.
Note that clearly, the identification of N with the sum of the ranks of the flavor nodes is consistent.

As a small consistency check, let us consider the simple case of vanishing first Chern class
associated to cycles introduced by the orbifold. This would correspond to a rank assignation of
the form (-, k, gn, k, qn+1, k, --) with ¢; > k, so that, among each “merging pair” the minimum
rank is k. Then all relative rank differences among the “merged nodes” are 0 corresponding to
a C?/Z,, instanton with zero first Chern classes. Moreover, let us consider the case of vanishing
second Chern class from the C?/Z,, point of view, which demands k¥ = 0. This is analogous
to the case kr = 0 in section [3.1] We are then left with a gauge rank assignation of the form
(-, 0, qn, 0, gn+1, 0, ---). According to our conjecture, these integers ¢; should correspond the first
Chern classes on the n 2-cycles coming from the orbifold images of the original 2-cycle. Indeed,
if we consider just one of them, that is, we set all but one of the ¢;’s to vanish, we simply
recover the Grassmanian quiver above. Note that, as expected, indeed we have n such possibilities
corresponding to the n 2-cycles coming from the orbifold images of the original 2-cycle.

5 Sp(N) instantons on CP?/Z,

So far we have concentrated on the case of unitary instantons. Let us now turn to the case of
instantons in the symplectic gauge group. The explicit ADHM construction of such instantons
was introduced in [I4]. As described in [15], it can be embedded into a 3d gauge theory upon
restricting to the appropriate instanton branch. In 3d N = 2 notation, such theory contains
one U(k) vector multiplet coupled to one chiral multiplet A in the second rank antisymmetric
tensor representation of the gauge group and three chiral multiplets S1, Ss, S in the second rank
symmetric tensor representation. In addition, there are a number of chiral multiplets in the
fundamental representation with an Sp(N) global symmetry. The corresponding quiver is reported
in fig[9]
In turn, the superpotential is

W = eaﬁ (Sa)ab gbc (Sﬁ)cd Ada + Aab Qi a Qj b Jij s (57)

being J the Sp(NN) symplectic matrix. As shown in [I5], the instanton branch emerges upon
setting A —as well as the monopole operators— to zero.

As in the unitary case, it is possible to embed the CP? symplectic instantons ADHM construc-
tion into the C? symplectic ADHM construction and wvice-versa [15]. It should be noted though
that now the equivalent to the map 7 in eq. is quadratic and hence does not define a proper

27



N

Sp(N)

S
Figure 9: Quiver diagram for Sp(NV) instantons on CP?.

mapping. Nevertheless, as a consequence, the Hilbert series for symplectic instantons on CP?
coincides with that of symplectic instantons on C2. We refere to [15] for further details.

5.1 Constructing Sp(N) instantons on CP?/7Z,

Just as in the case of unitary instantons, we can consider orbifolding the base CP? manifold and
study Sp(N) instantons on CP?/Z,. It is then natural to engineer the ADHM-like construction
by orbifolding the CP? case, just as for unitary instantons. As guideline, let us compare with the
case of instantons on C? and its orbifolds [32]. The gauge theory realizing the ADHM construction
for unitary instantons on C?/Z,, can be thought as the worldvolume theory on a D3-D7 system,
where the transverse directions to the D3’s inside the D7’s wrap C2?/Z,,. Then, symplectic (and
orthogonal) instantons can be constructed upon adding O7 planes of the appropriate charge. A
comprehensive picture appears upon T-duality along the ALE space. Then, the D3 branes are
mapped to D4 branes wrapping a circle. In turn, the D7 are mapped into D6 at fixed positions
in the circle. Finally, n NS5 branes on the circle arise from T-dualizing the ALE space. In this
context, the construction of symplectic (alternatively orthogonal) instantons boils down to adding
2 identical —because they come from T-duality of a single O7— O6 planes of the appropriate charge
at opposite points in the circle such that each side of the circle mirrors —due to the orientifold
projection— the other side. This procedure highlights an obvious difference between the cases of
even and odd orbifolds. As the distribution of NS5 branes must be symmetric on the circle, for
an odd n it is clear that one such NS5 must be stuck in an orientifold plane. In turn, in the case
of even n we can have a symmetric distribution by either sticking one NS5 at each O-plane or not
sticking any NS5 on the O-planes. These possibilities lead, respectively, to the so-called no-vector-
structure (NVS) and vector structure (VS) respectively. We refer to [32] and references therein
for further explanations. Note that the T-duality construction suggests that the two O-planes are
of the same type. Nevertheless, once in the ITA set-up, one might imagine other versions whereby
the O-planes are of different type. These configurations were dubbed hybrid in [32]. We will
briefly touch on the equivalent to these in the case at hand below, showing an explicit example in
appendix [A]

In view of the C?/Z, case, it is natural to proceed in a similar way in the case of instantons
on the orbifolded CP?2, that is, first consider orbifolding unitary instantons and then considering
orientifolding. Note however that in this case the brane picture is much less clear. Nevertheless,
as we will see, the results are qualitatively similar. Since we will set monopole operators to zero,
formally the procedure is identical to the case of 4d gauge theories. Hence, we can borrow the
technology developed [43] and [44] to construct the relevant theories.

As illustrated in [43] the orientifold field theory is obtained from the parent field theory per-
forming a Z identification of the gauge groups, chiral multiplets and superpotential couplings. As
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explained in [44], this means that the O-plane involution defines a Zs automorphism of the quiver
diagram that reverses the directions of the arrows. Therefore the quiver of the parent theory has
a Zo symmetry, that can be visualized as a reflection through a fixed line once we embed the
quiver diagram in R2. In the following we will follow the method used in [44] that allows to obtain
the orientifold theory starting directly from its quiver diagram. Of course, as can be verified, the
application of the method of [43], that acts on the dimer diagram of the theory, leads to the same
results.

In order to explain how this procedure works we apply it to the case of the CP?/Zy theory
and we refer to [44] for the analysis of the general case. An inspection of the corresponding quiver
diagram shows that there are two inequivalent ways to cut it with a line, such that the quiver
displays an arrows reversing symmetry with respect to this line (see ﬁg.

(a) VS vector-structure (b) NVS no-vector-structure

Figure 10: The two inequivalent ways to obtain the CP?/Z, orientifold theory.

In order to obtain the corresponding orientifold theory we label each node and each line inter-
secting perpendicularly the cutting line with a sign (denoted with a Roman number in the figure),
that can be positive or negative. Then, the orientifold theory is constructed as follows. Each
node untouched by the cutting line corresponds to a U(k) group while each node touched by the
line corresponds to a SO(N) or Sp(N) (for a positive or negative sign respectively) in the orien-
tifold field theory. In the same way each edge of the quiver diagram away from the cutting line
corresponds to bifundamental matter, while each edge crossing the cutting line perpendicularly
corresponds to symmetric matter (positive sign) or antisymmetric matter (negative sign) in the
orientifold field theory. The values of the signs must be fixed requiring that the superpotential of
the parent theory is invariant under the involution. Note that in general more than one choice is
allowed. For example in the case of the quiver diagram in ﬁg (b) we can choose the following
values of the signs (+,+,+,+), (-, +,+,-), (+,—,+,-), (+,+,—,—). In the following we will always
fix the signs in order to obtain the theory whose Higgs branch describes the moduli space for
Sp(N) instantons (respectively SO) on CP?/Z,,, which in the case at the hand means to select
the (+,+,+,+) configuration. The remaining allowed choices correspond to the “hybrid configu-
rations” discussed in [32]. Even though we will not touch upon these further in this paper, we
present an explicit example in appendix [A]

Therefore, as in [32] we have two different situations depending on whether the degree of the
orbifold is even or odd.

e If n is odd we have only one type of quiver diagram, corresponding to the fact that we have
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only one inequivalent way to cut it with a line.

e If n is even we have two types of quiver gauge theories corresponding to the two possible
inequivalent ways to cut it with a fixed line. These two cases are just the equivalent of the
vector-structure and no-vector-structure cases for C?/Z,, symplectic instantons. By analogy,
in the following we will refer to theme as the VS and the NVS respectively.

Note that N corresponds to the sum of the ranks of the flavor groups in the ADHM quiver.
In turn, gauge group ranks correspond to instanton number (as well as to other possible quantum

numbers labelling the instanton).

5.1.1 Sp(N) instantons on CP?/Z, - VS

Starting from the CP?/Z, and applying the rules above we can obtain the VS theory for Sp(N)
instantons on CP?/Zy. The corresponding quiver diagram is reported in ﬁg while we summarize
the transformations of the fields under the different groups in table 4| Note that N = N1 + Ns.

Sp(N2)

Q2

S

B! B? Q1

As

S

Sp(Ny)

Figure 11: Quiver diagram for VS symplectic instantons on CP?/Z,.

Fields U(ky) U (k) Sp(Ny)  Sp(Ny)  SU((2) U(1)
A [0,1,0...,0]2 (0] (0] (0] (0] 1/2
S [2,0,...,0]_2 [0] [0] [0] [0] 1/2
Ay (0] [0,1,0,...,0]s2 (0] (0] (0] 1/2
Sy (0] (2,0,...,0]s2 (0] (0] (0] 1/2

B'.B? || [1,0,..,0];1  [0,..,0,1],1 [0] [0] [1] 1/4
Q1 [1,0,...,0]41 [0] [1,0,...,0] [0] [0] 1/2
Qo [0] [0,...,0,1] 41 [0] [1,0,..,0]  [0] 1/2
3! (0,1,...,0]+2 [0] (0] (0] (0] 1
Fy (0] (0,1,...,0]-2 (0] (0] (0] 1

Table 4: Transformations of the fields for VS symplectic instantons on CP?/Z,.

The branch of the moduli space that can be identified with Sp(NN') instantons on CP?/Z; is the
one on which A; =0 and As = 0. Then, the Hilbert series of the instanton branch corresponding
to the VS theory with flavor symmetry Sp(Ny) x Sp(N2) and gauge ranks k = (k1, k3) is
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HIk F,CP*/2:)(t,2.y.d) = [ djry(2) [ duurges) (9

(58)
PE[XSQtQ + X§1t2 +XBilt+ XQ1t2 + XtaQ ~XFy t4 - XF2t4] s

where z and p are the fugacities of the U(k;) and U (k) gauge groups respectively while y and d
denote the fugacities of the Sp(N1) and Sp(N2) flavor groups respectively. Finally x denotes the
fugacity of the global SU(2) symmetry rotating the By and Bs fields. The contribution of each
field is given by

N, 1 k1 No 1 ko 9
XQ1 = Z (yl + ;) Ray XQ2 = Z (dj + d) Zpb y XFy = 215a<b5k1 Za”®b
7 =1 77/ b=1

i=1 a= j=1
1.-1 o & 1 1, -1
XSy = ZISasbst PaDb, X3, = Zlmgbskl Za *b v XBi = ({E + 7) Z Z ZaPp » XFy = Zl§a<b§k2 Do Py -
a=1b=1

Explicit computation shows that the Hilbert series for the instanton branch of the VS theory
with gauge group G = U(ky1) x U(k2) and flavor group Sp(Ny) x Sp(Nz) corresponding to the
moduli space of instantons on CP?/Z, turns out to be equal to the Hilbert series for Sp(N)
instantons on C?/Z, with gauge group G = O(K1) x O(K2) (see [32] for more details). The two
theories share the same flavor groups and the gauge groups are related as

Ky =k, Ky = k. (59)

Let us show some explicit examples supporting our claim.
Sp(2) instanton: k= (1,1), and N = (1,1)
Using eq. and unrefining we find that

1-26% +6t5 —2t° +¢12
(1-13)5(1+3)*

H[k = (]-a 1),5}7(1) X Sp(1)7CP2/ZQ](t> 1,1, 1) =

which is the unrefined Hilbert series for Sp(2) instantons on C?/Zy with K = (1,1) and N = (1,1).
Sp(3) instanton: k= (1,1) and N = (1,2)
Using eq. and unrefining we find that

(1+19)(1 - 2t3 + 105 — 2% + 12)

H[k = (1,1),Sp(1) x Sp(2),CP?/Z5](t,1,1,1,1) = 181+ B :

which is the unrefined Hilbert series for Sp(3) instantons on C?/Z, with K = (1,1) and N = (1,2).

5.1.2 Sp(N) instantons on CP?/Z, - NVS

Let us now consider the second possible configuration, corresponding to the NVS case. The quiver
diagram of the corresponding theory is reported in fig[T2] while the transformations of the fields
and of the F-term are summarized in table [l

The branch of the moduli space that can be identified with Sp(NN) instantons on CP?/Zs is
the one on which A}, =0. Then, the Hilbert series of the instanton branch corresponding to the
NVS theory with flavor symmetry U(NN) and gauge ranks k = (kq, ko) is

H[k F.CPYZ:)(t2.y) = [ (@) [ diivea) (p)x

2 2 2 4 (60)
PE[xs;t +xg,t+ xa2,t" +XQt™ +Xqt" —xFt"],
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U(N)

Al A2
S, U(k) = U(ks) Sy

Sl Sl

Figure 12: Quiver diagram for NVS symplectic instantons on CP2/Z.

Fields U(k1) U(kz) U(N) SU(2) U(1)
51,5 || [2,0,...,0] 2 [0] [0] [1] 1/4
Sy, S, [0] [2,0,...,0]42 [0] [1] 1/4
A% 11 [1,0,...,0]41 [0,0,...,1]4y [0] [0] 1/2
q [0] [1,0,...,0]41 || [0,...,0,1]4,1  [O] 1/2
Q [0,...,0,1] 1 [0] [1,0,..,0],1  [0] 1/2
F [0,..,0,1]s1  [1,0,...,0]41 (0] (0] 1

Table 5: Transformations of the fields for NVS symplectic instantons on CP?/Z,.

where z and p are the fugacities of the U (k1) and U(ks) gauge groups respectively while y denote
the fugacity of the U(N) flavour group and x denote the fugacity of the global SU(2) symmetry
acting separately on the two doublets S, and Sg. The contribution of each field is given by

1 1 e
XS]-:($+*) > pabe, Xgi:(ﬂH'*) ooty

T/ 1<a<b<ks T/ 1<a<b<kr
k‘l kf_) 1 N k‘l 1 N k2 1 kl k? 1
XA2, = D0 D Zalh s XQ =D, 0 %a Yis Xa= 0 D PbY; s XF =D D % Db
a=1b=1 i=1a=1 j=1b=1 a=1b=1

In this case, by explicit computation of the Hilbert series of the instanton branch of the NVS theory
with gauge group G = U (k1) x U (k2) and flavor group U (N) for the moduli space of instantons on
CP?/Zy we find that it turns out to be equal to the Hilbert series for Sp(N) instantons on C?/Z,
with gauge group G = U(K7) (see [32] form more details). The two theories share the same flavor
group and the gauge groups are related in the following way

Kl :min(kl,kg). (61)
Let us explicitly show a few examples supporting our claim

Sp(1) instanton: k= (1,1), and N =1
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Using eq. and unrefining we find that

14260 +2t9 + 2¢12 4 ¢18
(1—-#3)2(1 +2t3 + 216 + 19)2

H[k=(1,1),U(1),CP?/Z5](t,1,1) =
which is the Hilbert series for Sp(1) instantons on C?/Zy with N =1 and K = 1.
Sp(2) instanton: k= (1,1), and N =2

Using eq. and unrefining we find that

1— 3+ 50 + 417 + 412 + 415 + 518 — 421 4 24
(1-#3)0(1 +¢3)2(1 + 3 +6)3 ’

which is the Hilbert series for Sp(2) instantons on C?/Zy with N =2 and K = 1.

H[k = (17 1)7U(2)aCP2/Z2](t7 1,1, ]-) =

Sp(1) instanton: k=(2,1), and N =1

Using eq. and unrefining we find that

1+2t5 + 29 4 2¢12 4 ¢18
(1-13)4(1 +2t3 + 2¢6 +19)2

Hlk=(2,1),U(1),CP?/Z5](t,1,1) =
which is again the Hilbert series for Sp(1) instantons on C?/Zy with N =1 and K; = 1.
Sp(1) instanton: k =(2,2), and N =1

Using eq. and unrefining we obtain

H[k = (2,2),U(1),CP?/Z5](t,1,1) =

1
S (L=3)8(L+3)4(1 +16)2(1 + 13 + £6)2(1 + 3 + 16 + 19 + ¢12)2
15618 + 1821 + 2824 + 2677 + 3430 + 2633 + palindrome + ¢50) |

(1+2t%+2t° + 912 + 1015+

which is the Hilbert series for Sp(1) instantons on C?/Zy with N =1 and K = 2.

In the NVS case we can graphically summarize the relation between the parent C?/Z, instan-
ton and the CP?/Z, one as in figure Note that, as in the unitary instanton case, we again
have a “merging” of the flavored pair of gauge nodes into a single node with rank the minimum
of the “merged ones”.

5.1.3 Sp(N) instantons on CP?/Z;

For the case of odd orbifolds there is only one inequivalent choice. We report in fig[T4] the quiver
diagram of the corresponding field theory, while we summarize the fields and F-terms transforma-
tions in table[6] Note that N = Ny + Ns.

The branch of the moduli space that can be identified with Sp(IN) instantons on CP?/Z3 is
the one on which A3, =0 and A; = 0. The Hilbert series of the instaton branch corresponding to
the theory with flavor symmetry Sp(Ny) x U(Nz) and gauge ranks k = (k1, ko, k3) is

Ak, F,CP/Z5)(t2,y,d) = [ duvy(@) [ diwy(®) [ duoge) (w)x

2 2 2 2 2 4 4 (62)
PE[Xq,t™ + Xaat™ + Xgst™ + XB2,t + Xaz,t” + XB1, T+ X5t + X5,t + X5t — Xmt —Xmt'],

where z, p and w are the fugacities of the U(k1), U(ks) and U(ks) gauge groups respectively.
While y denote the fugacity of the Sp(Ny) flavor group and d the fugacity of the U(N3) flavor
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U(N) U(N)
K =min(kq, ks)

1 2
All All

Q
U(k1)
Sa

Figure 13: Relation between the CP?/Zy quiver gauge theory in the NVS case (on the left)
and the C?/Z, quiver gauge theory (on the right) . Dlg are two fields in the symmetric conjugate
representation of the gauge group U(K7). While D, are two fields in the symmetric representation
of the gauge group U(K7) (see [32] for more details).

~ U(N2)
A
1 q3 0
2 Al A2
Sp(N))—2——{U (k1) 2 U (o) —252 (U (ks)
) Biy
3

Figure 14: Quiver diagram for symplectic instantons on CP?/Zj.

group. Finally x is the fugacity of the U (1) symmetry acting on S and Ss fields. The contribution
of each field and of the F-terms are

_ -1 _-1 oo -1 -1_-1 _
X5 = Zlmsbskl fa *b o X§, T Zl@sbskz Do Pb T 5 XS5 = Zl@sbskg WaWpT

k1 Ni 1 ks Na L k2 Na ) ko k3 N
Xar = D, Zza(yﬁf), Xao = 20 2o Wad; s Xgz = D0 D Pa iy XEy = ) D Py W,
a=11i=1 Yi a=1j=1 a=1j=1 a=1b=1
kl k)z 1 kz kg 1 kl k73
XBz, = Z;bz;zapb )y XAZ, = Z”)Z;Pawb v XBl, = Z:ll;zawbv XF = Zlga<bgkl “a®b -
a= = a= = a= =

By explicit computation we find that the Hilbert series of the theory with gauge group G =
U(k1) x U(ks) x U(ks) and flavor group Sp(N1) x U(N3) for the moduli space of instantons on
CP?/Z3 coincides with the Hilbert series for the moduli space of Sp(N) instantons on C?/Z3 with
gauge group G = O(K;) x U(K3) and flavor groups Sp(N1) x U(Nz) (see [32] for more details)
upon identifying

K1 :kl, K2 :min(kg,k;;). (63)

Let us turn to explicit examples supporting our claim.
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Fields U(k1) U(ks) U(ks) Sp(Ny1) U(N2) U@ u()
Qn [1,0,...0]+1 (0] (0] [1,0,...,0] [0] [0] 1/2
@ (0] (0] [1,0,...0]41 (0] [0,...,0,1]n  [0] 1/2
a3 (0] [0,..,0,1]41 (0] (0] (1,0,..,0],1  [0]  1/2
B, [1,0,..,0]s1  [0,...,0,1]s1 (0] (0] (0] [0] 1/4
A3 [0 (1,0,..,0]s1 [0,...,0,1] [0] [0] 0] 1/2
By [1,0,...,0]1 (0] [1,0,...,0] (0] (0] [0] 1/4
Sy 2,0,...,0]-2 (0] (0] (0] (0] [0] 1/2
S [0] [2,0,...,0]- (0] (0] [0] Lz 1/4
Sy (0] (0] (2,0, ...,0].2 (0] (0] z 1/4
F | [0,1,0,..,0]4 (0] (0] (0] [0] [0] 1
Fy (0] [0,.,0,1]s1 [1,0,...,0]s1 (0] (0] (0] 1

Table 6: Transformations of the fields for symplectic instantons on CP?/Zs.

Sp(1) instanton: k= (1,1,1), and N = (1,0)

Using eq. and unrefing we find that

H[k = (17 1, 1)aSp(1)a(CP2/ZS](t7 1, 1) =

(L+)(1 -1 +1¢%)
(1-3)4(1+t3)2(1 + 13 + )’

which is the Hilbert series for Sp(1) instantons on C?/Z3 with N = (1,0) and K = (1,1).

Sp(1) instanton: k= (1,1,1), and N = (0,1)

Using eq. and unrefing we find that

H[k=(1,1,1),U(1),CP?/Z3](t,1,1)

140 + 929 + 2412 4 15 4 418 4 424

(1= £3)4(1+t3)2(1+46) (1 +£3 + 16)2

which is the Hilbert series for Sp(1) instantons on C?/Z3 with N = (0,1) and K = (1, 1).

Sp(2) instanton: k= (1,1,1), and N =(1,1)

Using eq. and unrefing we find that

H[k=(1,1,1),Sp(1)xU(1),CP?/Z3](t,1,1,1) =

1—2t3 + 55 - 2t9 + 6112 — 215 + 5¢18 — 921 4 ¢24

(1= £3)6(1+16) (1 + 263 + 210 + £9)2

which is the Hilbert series for Sp(2) instantons on C?/Z3 with N = (1,1) and K = (1,1).

Sp(1) instanton: k =(1,2,1), and N = (1,0)

Using eq. and unrefing we find that

H[k=(1,2,1),Sp(1),CP?/Zs](t,1,1) =

which is again the Hilbert series for Sp(1) instantons on C?/Z3 with N = (1,0) and K = (1,1).

Sp(1) instanton: k =(1,1,2), and N = (1,0)
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Using eq.(62) and unrefing we find that
(1+t%)(1 -3 +1)
(1-t3)4(1 +3)2(1 + 3 + t6)’
which is again the Hilbert series for Sp(1) instantons on C?/Z3 with N = (1,0) and K = (1,1).

H[k =(1,2,1),8p(1),CP?/Z3](t,1,1) =

Sp(1) instanton: k= (1,1,2), and N = (0,1)

Using eq. and unrefing we find that

1+10+ 29 4 2412 4 2415 4 418 424
(1-t3)4(1+3)2(1 +06) (1 + 13 +16)2°
which is again the Hilbert series for Sp(1) instantons on C?/Z3 with N = (0,1) and K = (1,1).

H[k=(1,1,2),U(1),CP?/Z3](t,1,1) =

Sp(1) instanton: k =(1,2,1), and N =(0,1)

Using eq. and unrefing we find

1+15+2¢9 + 2¢12 4 2415 4418 4 424
(1=t3)4(1+3)2(1 +5) (1 + 3 +16)2 7
which is again the Hilbert series for Sp(1) instantons on C?/Z3 with N = (0,1) and K = (1,1).

H[k=(1,2,1),U(1),CP?/Z3](t,1,1) =

Sp(1) instanton: k =(2,1,1), and N = (1,0)

Using eq. and unrefing we find that
H[k =(2,1,1),Sp(1),CP?/Z3](t,1,1) =
1
S (1=3)S(1+13)4(1 + 13 + 16) (1 + 13 + 266 + 219 + 2412 4 15 4 £18)2
+ 3t + 4% + 812 + 14815 + 19618 + 23t + 27¢2* + 26177 + 27430 + palindrome + t74) =
=1 +465 + 269 + 13612 + 14415 + 33¢18 + 42¢%1 + 80t%* + 10447 + o(+*7) ,

(1+83+

which is the Hilbert series for Sp(1) instantons on C?/Z3 with N = (1,0) and K = (2,1).

As shown in ﬁg we can graphically summarize the relation between the symplectic CP?/Zs
instanton and its cousin on C2?/Zsz as the “merging” of the flavored pair of gauge nodes into a
single node whose rank is the minimum among the “merging ones”.

5.1.4 Sp(N) instantons on CP?/Z, - VS

Starting from the theory whose instanton branch describes instantons on CP?/Z4 and applying
the rules in [43] we obtain the theory for Sp(NN) instantons on CP?/Z, in the VS case. The
corresponding quiver diagram is reported in fig[T6 while we summarize the transformations of the
fields under the different groups in table

The branch of the moduli space that can be identified with Sp(N) instantons on CP?/Z,
is the one on which A}, = 0, S; = 0 and S3 = 0. The Hilbert series of the instanton branch
corresponding to the VS theory with flavor symmetry Sp(Ny) x U(N2) x Sp(N3) and gauge ranks
k= (kl, kg, kg, k4) is

H[ka Fa (CPQ/Z4](t,x,y,d,u) = f duU(kl)(z) f dMU(krg)(p) f d/u’U(k:3)(w)
f dpy (k) (V) x PE[Xq, 1 + Xt + Xgsl° + Xaul® + Xp2,l+ XA%QtZ +Xpg, t+ (64)

+XB1,E+ XBLE+ Xg T+ Xsut — Xt = xpt - xet']
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KQ = min(kz, k;g)

Y12

U(N2)

XlQ
Sp(N) %
Xo1

Figure 15: Relation between the quiver diagram for Sp(NN) instantons on CP?/Zs and the quiver
diagram for Sp(IN) instantons on C?/Z3. In the figure the symbol D,, denotes two fields trans-
forming in the symmetric representation of the gauge group U(K3z) (however see [32] for more
details).

Yo

=
(o)

B},
U(N2)
5o q3 q2 5
B? Al A2 B2.
5p(V) A—{ U () Y2 U(s) 25 @ 2 {0k 2 sp(vs)
B;Z
S] S4

Figure 16: Quiver diagram for VS symplectic instantons on CP?/Z,.

where z, p, w and v are the fugacities of the U(ky), U(k2),U(ks) and U(ks) gauge groups
respectively while y,d and u denote the fugacities of the Sp(IN7) flavour group, the U(N2) flavour
group and the Sp(N3) respectively. The contributions of the various fields are

k1 ko L ko ks 1 k3 ka 1
XB2, = Z Z ZaPp » XAZ, = Z Zpawb v XBZ, = Z Zwavb )
a=1b=1 a=1b=1 a=1b=1

= - _ 11
XS4 = leasbslm Valby XF1 = 215a<b§k1 Za%b; XF3 = Zlga<bgk4 Va U >
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Fields U (k1) U(k») U(ks) U(ks) Sp(N1) U(Na) Sp(Ns)  U(1)
B || [1,0,.,0]1 [0,..,0,1]4 [0] [0] [0] [0] 1/4
AZ, [0] [1,0..,0]s1  [0,..,0,1] 1 [0] [0] [0] [0] 1/2
B3, [0] [0] (1,0..,0],s  [0,...,0,1]51 [0] [0] [0] 1/4
Sa (2,0,...,0]-2 [0] [0] [0] (0] [0] (0] 1/2
Sy [0] [0] [0] [2,0...,0]:2 (0] [0] [0] 1/2
By || [1,0,...,0]:1 (0] [1,0,.-,0]:1 [0] [0] [0] [0] 1/4
Bi, [0] [0,...,0,1] [0] [0,.-,0,1]11 [0] [0] [0] 1/4
@ [1,0,.,0]41 (0] [0] [0] [1,0,....,0] [0] [0] 1/2
a3 [0] [0,...,0,1]44 [0 [0] (0] [1,0,...,0]1 (0] 1/2
7 [0] [0] [1.0,...,0]11 [0] [0] [0,..,0,1]11 [0] 1/2
4 [0] [0] [0] [0,.,0,1]41 (0] [0] (1,0,..,0] 1/2
13! [0,1,0...,0]+1 [0] [0] [0] [0] [0] (0] 1
Fy [0] [0,.,0,1)s1  [1,0,...,0]41 [0] [0] [0] [0] 1
Fy [0] (0] [0] [0,1,0,...,,0]-1 (0] [0] (0] 1

Table 7: Transformation of the fields for VS symplectic instantons on CP?/Z,.

k?l k}g k?2 k}4 1 1 1 1 k2 k3 1
XB%4 = z:lbglzawb? XBé2 = Z:lbzlpa Uy 5 Xg, = Zlgagbgkl Zg %p 9 XFp = Z:lbzlpa Wy
a=1 b= a=1 b= a=1b=

k‘l N1 1 Ng kg -1 k3 N2 1 k‘4 N3 _1 1
Xq1zzzza(yj+y)7 XQ3:ZZdjpb ) Xq2zzzwadi ’ Xq4:ZZ’Ua (u1+7)
J

a=1j=1 j=1b=1 a=14=1 a=114=1 U

By explicit computation of the instanton branch Hilbert series for the theory with gauge group
G = U(k1)xU (ko) xU (k3)xU (k4) and flavor group Sp(N1)xU (N2)xSp(N3) we find that it is equal
to the Hilbert series for Sp(NV) instantons on C?/Z, with gauge group G = O(K1)xU(K2)xO(K3)
and flavor groups Sp(Ny) x U(N32) x Sp(N3) (see [32] for more details) upon identifying

K1 =k17 ngmin(kg,kg), ngkg. (65)
Let us show some explicit examples supporting our claim.
Sp(1) instanton: k= (1,1,1,1), and N = (1,0,0)
Using eq. and unrefing we find that

H[k=(1,1,1,1),Sp(1),CP?/Z4](t,1) = (it;y (66)

which is the Hilbert series for Sp(1) instantons on C%/Z4 with N = (1,0,0) and K = (1,1,1).
Sp(1) instanton: k =(1,1,1,1), and N = (0,1,0)
Using eq. and unrefing we find that

1+ 42 + ¢4

Hlk = (1,1,1,1),U(1), CPY/Za)(1) = 75y 7y

which is the Hilbert series for Sp(1) instantons on C?/Z, with N = (0,1,0) and K = (1,1,1).
Sp(1) instanton: k= (1,2,1,1), and N = (1,0,0)

Using eq.(64) and unrefing we find again the expression (66).
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Sp(1) instanton: k= (1,1,2,1), and N = (1,0,0)
Using eq. and unrefing we find again the expression .
Sp(1) instanton: k=(2,1,1,1), and N = (1,0,0)

Using eq. and unrefing we find that

1+15 + 512 + 8¢18 + 8¢24 + 8¢30 4 536 4 442 4 448
(1=¢5)5(1+¢5) (1 +1¢6 +¢12)2 ’

H[k=(2,1,1,1),8p(1),CP?|Z4](t,1) =

which is the Hilbert series for Sp(1) instantons on C2/Z, with N = (1,0,0) and K = (2,1,1).

We can graphically relate the symplectic VS CP?/Z,4 instantons with their cousin on C?/Z, as
in fig[T7)

Sp(Ny) |2

K> =min(ko, k3

0 X2 Y12 Q-
- O(Ky) | (U(K) ] {0(3) z Sp(N3)
Xo1 Yo1
7

Figure 17: Relation between the CP?/Z,4 quiver gauge theory in the VS case and the corresponding
C?/Z, quiver gauge theory.

5.1.5 Sp(N) instantons on CP?/Z, - NVS

Let us now consider the second configuration, leading to the NVS case. The quiver diagram of
the corresponding theory is reported in fig[I8 while the transformations of the fields and of the
F-terms are summarized in table &

The branch of the moduli space that can be identified with Sp(N) instantons on CP?/Z,
in the NVS case is the one on which A}; = 0 and A3; = 0. The Hilbert series of the instanton
branch corresponding to the NVS theory with flavor symmetry U(N;) x U(N3) and gauge ranks
k= (k‘l, k‘Q, k‘3, k4) is
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U(Ny) U(N2)

q2 Q. g4 q3

Al A2 B2 Al A2
U k) 11 A1 U (k) 23 U (ks) 33 A33 U (ks)

1
B32

Figure 18: Quiver diagram for NVS symplectic instantons on CP?/Z.

Fields U(k1) U(k2) U(ks) U(ka) U(Ny) U(Na2) U(1)
Af | [1,0,,0]4 [0,...,0,1]4 [0] (0] [0] (0] 1/2
BSB [0] [1707"'70]“ [07“'7071]“ [0] [0] [O] 1/4
Agg [0] [0] [17 0,..., 0]+1 [(), ..., 0, 1]+1 [0] [0] 1/2
B3, || [0,.,0,1], (0] (0] (1,0,...,0]41 (0] (0] 1/4
5 [2,0...,0] 2 (0] (0] [0] [0] (0] 1/4
Sa [0] (2,0, ..,0]+2 (0] (0] (0] (0] 1/4
Ss (0] (0] (2,0,...,0]-2 (0] [0] (0] 1/4
Sa [0] (0] (0] (2,0,...,0]+2 (0] (0] 1/4
q1 [0] [1707'~'70]+1 [0] [0] [0%" 7071]+1 [O] 1/2
@2 || [0,.,0,1] (0] (0] [0] (1,0,...,0]41 (0] 1/2
43 [0] [0] [0] [1,0,...,0]1 [0] [0,.,0,1]s1  1/2
44 [0] (0] [0,...,0,1] 41 (0] (0] (1,0,..,0]s1  1/2
P [(),...,0,1]+1 [1,(]7...?(]]“ [0] [0] [0] [O] 1
P [0] [0] [0, 0,1]51  [L,0,....0]s1 [0] [0] 1

Table 8: Transformation of the fields for NVS symplectic instantons on CP?/Z,.

H[k, F,CP?|Z4](t,x,y,d) = / dpur(ry) (2) / dpvr (ks (P) f A (k) (W) %
f dpy (kg (V) % PE[qut2 + Xq2t2 + Xq3t2 + Xq4t2 +Xpz, b+ XAfth + XA§3t2+ (67)

4 4
+XB3%2t+X§1t+XSQt+X§3t+XS4t_XF1t - XF,t ] ,

where z, p, w and v are the fugacities of the U(ky), U(k2), U(ks) and U(ks) gauge groups
respectively, while y and d denote the fugacities of the U(Ny) flavor group and the U(Nz) flavor
group respectively. The contributions of the various fields are given by

k1 ko 1 ks ka 1
XS4 = leasbslm Valbs  XFy = Zjlz;pbza AT Z:le;wa s
a=1b= a=1b=

o -1_-1 ) _ ~ . -1, -1
Xg, = leasbskl Za Rp oy XS2 = leasbskz DaPos X3, = ZlSaSbSkg Wy Wy

ko N L ki N . ks No L ks No 1
Xq = Z Zpayz_ s Xgo = Z ZZ; Yis Xqz = Z Z Uad; s Xqa = Z Z w; d_jv
a=11i=1 a=11i=1 a=1j=1 a=1j=1
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_ -1 _ - _ -1 _ _
XAz = > D Zaby s XB2, = > D Pawy XAz, = > D Wavy XB, = DD Uz -
a=10b=1 a=10b=1 a=10b=1 a=10b=1

Explicit computation of the instanton branch Hilbert series with gauge group G = U(k1) x
U(ke) x U(ks) x U(kq) and flavor group U(N7) x U(N3) shows that it coincides with the Hilbert
series for Sp(NN) instantons on C?/Z, with gauge groups G = U(K;) x U(K3) and flavor groups
U(Ny) x U(N3) (see [32] for more details) upon the identification

Kl :min(kl,kg), K2 :min(kg,k4). (68)

Let us show a few explicit examples.
Sp(1l) instanton: k= (1,1,1,1), and N = (1,0)

Using eq. and unrefining we find that

1—t3+2t9 — 15 +¢18

2
H[k = (17 1? 1) 1)7U(1))CP /Z4](t’ 1) = (1 —t3)4(1 +t3)2(1 +t3 +t6 +t9 +t12) b

which is the Hilbert series for Sp(1) instantons on C?/Z4 with N = (1,0) and K = (1,1).
Sp(2) instanton: k= (1,1,1,1), and N = (1,1)

Using eq. and unrefining we find that

H[k=(1,1,1,1),U(1) x U(1),CP?|Z4](t,1,1) =
142604367+ 8812 + 1141° + 13618 + 12671 + 136> + 11477 + 8¢°0 + 3¢%3 4 200 + 442
- (1=#3)0(1+3)2(1 + 13 + 16)3 (1 + 13 + 2¢6 + 29 + 212 + ¢15 4 ¢18) '

which is the Hilbert series for Sp(2) instantons on C?/Z4 with N = (1,1) and K = (1,1).
Sp(1) instantons: k=(1,2,1,1), and N = (1,0)

Using eq. we find again the expression .

Finally, in fig[T9 we graphically show the relation between symplectic NVS instantons on
CP?/Z4 and their cousins on C2%/Z,.

5.1.6 Sp(N) instantons on CP?/Z,, with n >4

Let us now consider the generic case of instantons on Z,, orbifolds of CP? with n > 4. Based on
the previous examples, we can extract the generic pattern of both the quiver as well as the relation
between the symplectic instanton on CP?/Z,, with its relative on C?/Z,,.

Recall that N is the sum of the ranks of the flavor groups in the ADHM quiver, while the ranks
of the gauge groups is related to instanton number and, together with the relative flavor ranks, to
other possible quantum numbers labelling the instanton. Unfortunately the precise identification
between quiver data and instanton data is not know.

Sp(N) instantons on CP?/Zy,, .1

Elaborating on the previous examples, we conjecture that the theory describing symplectic in-
stantons on CP? [Z211 is related to its counterpart on C? [Z2n11 as in ﬁg Moreover, while the
flavor groups continue to be the same, the ranks of the gauge groups are related in the following
way

Kl = k‘l, K2 = min(k‘g,k‘g), K3 = Hlil’l(k4, k5), Kn+1 = min(k‘gn, k2n+1) - (70)
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U(N) U(N2)
42 Q@ qa a3
Ky =min(k, k2) K =min(ks, kq)

U(Ny) U(N,)

Figure 19: Relation between the CP?/Z, quiver gauge theory in the NVS case and the correspond-
ing C2?/Z4 quiver gauge theory. Where Dy, Dy are two fields in the symmetric representation of
the gauge group U (K1), while L1, Ly are two fields in the symmetric representation of the gauge
group U(K3) (however see [32] for more details regarding the C?/Z, theory).

Sp(N) instantons on CP?/Zy,- VS

Elaborating on the lowest n cases, we can extrapolate both the quiver for VS symplectic in-
stantons on CP?/Zs,, and their relation to their cousins (of course, VS) on C?/Zs, as shown in
fig[32l Moreover, while flavor nodes remain the same, the gauge rank identification is as follows

Kl = k17 K2 = min(k‘g,k‘g), Kn—l = Inil’l(/fgn_g, an—l)) Kn = k]gn . (71)

Sp(N) instantons on CP?/Zy,- NVS

Elaborating on the lowest n cases, in this case we can extrapolate both the quiver for NVS
symplectic instantons on CP?/Zy,, and their relation to their cousins (of course, NVS) on C2/Zs,,
as shown in fig[33] Moreover, while flavor nodes remain the same, the gauge rank identification is
as follows

Kl = min(kl, k2), K2 = min(k'g,k4), Kn = min(kzgn,l,k%) . (72)

It is interesting to note that the “merging nodes” are those going over, in the C?/Z, parent,
to unitary gauge groups. In turn, in the parent C2?/Z,,, these are the nodes admitting a blow-up
mode through the FI parameter. It would be interesting to have a deeper understanding of these
facts, as well as the topological data characterizing Sp instantons on CP?/Z,,.

42



6 SO(N) instantons on CP? and its orbifolds

We now turn to the case of orthogonal instantons on CP? and its orbifolds. As described in [I5],
the ADHM construction for orthogonal instantons can be embedded into a 3d gauge theory which,
in 3d N = 2 language, contains a U(2k) vector multiplet as well as one chiral multiplet S in the
symmetric 2-index tensor representation of the gauge group and three chiral multiplets A;, Ao, A
in the antisymmetric 2-index tensor representation of the gauge group. The corresponding quiver
is shown in fig20] Note that the total flavor rank corresponds to N, while the gauge ranks —as
well as the relative configurations of flavor ranks— correspond to instanton number and other data

specifying the instanton.

N

SO(N)

S
Figure 20: Quiver diagram for SO(N) instantons on CP?2.

In turn, the superpotential reads

eraﬁ (Aa)abfibc (Aﬁ)cd Sda+gab QianbMij’ (73)
being M given by
0 Inyxn O
MSOCN) _ 0 1nxn 7 MSOCND 1y 0 0. (74)
InxN 0 0 0 1

As shown in [15], the construction of orthogonal instantons on CP? can be embedded into that
of a parent orthogonal instanton on C?. As a consequence, the Hilbert series of the instanton on
CP?/Z,, matches that of its counterpart on C2.

6.1 Resolved moduli space for orthogonal instantons

The gauge group in the ADHM construction of orthogonal instantons on CP? is U(2k). However,
as shown in [I5], k can be a half-integer while the Hilbert series is only sensitive to | k|, that is, the
largest integer which is smaller or equal to k. In fact, it was conjectured that the instantons are
distinguished by their second Stiefel-Whitney class written as 2 (k — |k]). From this perspective,
it is also natural to expect a notion of “resolved moduli space” —resolved, as in the unitary case,
in the sense that these extra directions associate to other quantum numbers are discerned-—.

In order to explore the possibility of such resolved moduli space, following the example set by
the unitary case, let us consider the simplest case where such extra directions are present. Since
the instanton number was conjectured to be | k|, the analogous for orthogonal instantons to the
case of a unitary instanton with k; = 0 as discussed in section is k = %, corresponding to a
U(1) gauge theory. Such theory does not have the antisymmetric matter and, on the instanton
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branch, S = 0. Therefore the theory only contains the Q’s out of which no gauge invariant can be
constructed. Hence, very much like the Grassmanian, we find a extra compact manifold associated
to the extra directions labelled in this case by the Stiefel-Whitney class. Just like in the unitary
case, we can imagine resolving these directions by ungauging the U(1) global symmetry. It is
then straightforward to compute the instanton branch Hilbert series, which, upon unrefining the
SO(N) labels, reads

HS - (1;% . (75)

Interestingly, this can be written as

2 1
TA-pN T (I-pN2

which is the Hilbert series for two CN¥~! meeting at a CV~2. This is a dimension N — 1 manifold
analogous to the cone over the Grassmanian in the unitary case. Note that the dimension of the
resolved moduli space is 2k (N —2), while that seen by the Hilbert series is 2 | k| (N -2) [15]. Hence
the difference is 2 (N - 2) (k - | k]). Particularizing to the case k = % this is an N - 2 dimensional
compact manifold. Then, the complex cone over it is a N — 1 complex dimensional manifold, just
as we have found.

Note that the case of symplectic instantons does not admit a similar construction. For example,
in the quiver in fig[J] the instanton branch appears upon setting to zero an antisymmetric field
while keeping the symmetric fields. Hence the theory is never empty of gauge invariant operators,
as it happens in the case of unitary and orthogonal instantons, therefore suggesting that no
compact directions exist in that case.

HS

(76)

6.2 Constructing SO(N) instantons on CP?/Z,

Let us now turn to the construction of orthogonal instantons upon orbifolding the base space. In
view of the ALE case, and following the symplectic instanton case in section [5] we construct the
theories whose instanton branch describes orthogonal instantons on CP?/Z, by first orbifolding
and then orientifolding the unitary instanton case following the rules in [43] and in [44]. As for
symplectic instantons, we have qualitatively different situations depending on whether n is even
or odd:

e If n is odd we have only one type of quiver diagram, corresponding to the fact that we have
only one inequivalent way to cut the quiver diagram with a line.

e If n is even we have two types of quiver gauge theories corresponding to two possible
inequivalent ways in which we can cut the quiver diagram with a line. Inspired by the ALE
case, we will refer to theme as the VS case and the NVS case respectively.

Also in this case there can be hybrid configurations associated with one choice for the values
of the signs implementing the orientifold prescription. As above, we restrict our analysis to the
configuration of signs corresponding to the quantum field theory whose instanton branch describes
orthogonal instantons on CP?/Z,, which, for the case of even n, are either VS or NVS. Just as
in the other cases, the rank of the SO(NN) bundle corresponds to the sum of flavor ranks in the
ADHM quiver. The rest of the ADHM data corresponds to other data specifying the instanton.

6.2.1 SO(N) instantons on CP?/Z, - VS

Starting from the CP?/Zy and applying the rules in [43] we obtain the theory for SO(N) instantons
on CP?/Z;y. The corresponding quiver diagram is reported in ﬁg while we summarize the
transformations of the fields under the different groups in table [9]
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S2 51

1 2
SO(Ny) Q2 B' B @1 SO(V,)

A2 A1

Figure 21: Quiver diagram for VS orthogonal instantons on CP?/Zs.

Fields U(2k1) U(2ks) SO(Ny)  SO(N,) SU(2) U(1)
A 10,1,0.,0] [0] [0] [0] [0] 172
S || 120,05 [0] [0] [0] [0] 172
Ay [0] [0,1,0,..., 042 [0] [0] [0] 1/2
Sa [0] (2,0,...,0]+2 [0] [0] [0] 12
B || [1,0,.,01s1  [0,.,0,1]51 [0] [0] 1] 1/4
Q: || 11,0,....00m [0] [1,0,...,0] [0] [0] 1/2
Qs [0] [0,....0, 141 [0] [1,0,..,0] [0] 1/2
Pl [2.0,.,00 [0] [0] [0] [0] 1
P, [0] [2,0,...,0]-s [0] [0] [0] 1

Table 9: Transformations of the fields for VS orthogonal instantons on CP?/Z,.

The branch of the moduli space that can be identified with SO(N) instantons on CP?/Z, is
the one on which S; =0 and S5 = 0. The Hilbert series of the instanton branch corresponding the
VS theory with flavor symmetry SO(N;) x SO(N2) and gauge ranks k = (kq, k2) is

H[k F.CP*/Z:)(t.2,y.d) = [ dugan(2) [ duvars) (9)

(77)
PE[X,t" + X 4,87+ XB,t + XQut* + X@ut” = Xm b = Xmt'],

where z and p are the fugacities of the U(2k;) and U(2ks) gauge groups respectively while y and
d denote the fugacities of the SO(N7) and SO(N3) flavor groups. Finally x is the fugacity of the
SU(2) symmetry acting on the B; doublet. The contribution of each field is given by

_ _ 1 -1
XFy = leasbszkl ZaZbs XFp = ZISasbSQkQ Do Py s

1 2kq 2ko
-1 _ -1 -1
Xidz = 21cachon, PP Xy = Dicacheon, %a 2+ XBI = (fH;) 2, 2zt
a=1b=1
Ny /2 N2 /2
2k > (yz + yi) N even, 2ko > (di + di) Ny even,
_ i=1 ° _ -1 i=1 K
XQ1 = (Z ZG)X (Ni-1)/2 XQ2 = (Zpb )X (Na-1)/2
a=1 1+ % (yi+$) N, odd, b=1 1+ Y (dﬁ%) Ny odd.
i=1 Yi i=1 i

Explicitly computing the Hilbert series with gauge group G = U (2k1)xU(2ks) and flavor group
SO(N;) x SO(Ns) for the moduli space of instantons on CP?/Zy shows that it is equal to the
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Hilbert series for Sp(N) instantons on C?/Zy with gauge group G = Sp(K;) x Sp(K>2) (see [32]
for more details) upon identifying

Ky =k, Ko =ko. (78)
Let us show a few explicit examples.
SO(5) instanton: k= (1,1) and N = (2,3)
Using eq. and unrefining we find that

1— 8% +510 + 487 + 412 + 410 + 5¢1° - 2 + ¢

H[k=(1,1),50(2) x SO(3),CP?|Z5](t,1,1,1) = (P51 B (15 8 1 1) ,

which is the Hilbert series for SO(5) instanton on C?/Zy with K = (1,1) and N = (2, 3).
SO(6) instanton: k= (1,1) and N = (3,3)
Using eq. and unrefining we find that

1—2t3 + 8¢5 + 512 + 1215 + 5¢18 4+ 8¢24 — 2427 4 ¢30

H[k=(171)750(3)XSO(3)7CP2/ZQJ(tvlalvl): (1—t3)8(1+t3)2(1+t3+t6)4 ’

which is the Hilbert series for SO(6) instanton on C?/Z, with K = (1,1) and N = (3, 3).

6.2.2 SO(N) instantons on CP?/Z, - NVS

Let us now consider the case of orthogonal NVS instantons on CP?/Zy upon choosing the other,
non-equivalent, way to cut the quiver diagram. The quiver diagram of the corresponding theory
is reported in fig]22] while the transformations of the fields and of the F-term are summarized in
table [0

U(N)
Q q
" Al A%
A, U(2k1) U (2ks) Ag
Al Al

Figure 22: Quiver diagram for NVS orthogonal instantons on CP?/Z,.

The branch of the moduli space that can be identified with SO(N) instantons on CP?/Z, is
the one on which A}, = 0. The Hilbert series of the instanton branch corresponding to the NVS
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Fields U(2k1) U(2ks) UN) SU((2) U®1)
Ay, Ay || 10,1,0...,0] 2 [0] [0] [1] 1/4
Ay, Ay [0] [0,1,0,...,0].2 [0] [1] 1/4
A2 [1,0,...,0]41  [0,0,...,1]41 [0] [0] 1/2
q [0] [1,0,..,0].1 || [0,0,..,1] [0]  1/2
Q [0,...,0,1]41 [0 [1,0,...,0]  [0] 1/2
F [0,..,0,1],1  [1,0,...,0]41 [0] [0] 1

Table 10: Transformations of the fields for NVS orthogonal instantons on CP?/Zs.

theory with flavor symmetry U(N) and ranks k = (kq, ko) is

H[k, F,CP*|Z,](t,2,y) = f dpy (2r,)(2) f Ay (2r,) (P) % (79)
PE[xa,t+ XAjt + XAfth + XQt2 + th2 - Xpt4] ,

where z and p are the fugacities of the U(2k;) and U(2ks) gauge groups respectively while y
denote the fugacity of the U(NN) flavor group. Finally x is the fugacity of the SU(2) acting on
the Ag and on the A, doublets. The contribution of each field is given by

1 1 -1 -1
XA]. = (Z‘ + ;) Zl§a<b§2k2 PaPb, XAI = (.13 + 7) lea<b£2k’1 Za b o

X
2k 2ko N 2kq N 2k 2k 2ko
XAz, = 2 0 ZaPy s XQ= 0L 0 Za Yis Xa= 0 DY XF= D 0 20 Po-
a=1b=1 i=1la=1 j=1b=1 a=1b=1

The explicit computation of the instanton branch Hilbert series with gauge group G = U(2k;) x
U (2k2) and flavor group U (N) shows that it coincides with the Hilbert series for SO(N) instantons
on C?/Zy with gauge group G = U(2K;) (see [32] for more details regarding the C?/Zy Hilbert
series) upon setting

Kl = min(kl, kz) . (80)

Let us show explicit examples supporting our claim.
SO(6) instanton: k= (1,1) and N =3
Using eq. and unrefining we find that

H[k = (1’ 1)7U(3)’CP2/ZQ](t7 1,1,1, 1) =
O 14267+ 910 + 2417 + 5012 + 76410 + 108¢'® + 120¢%" + 108t>* + palindrome + ... + t*2
- (1-13)3(1+13)6(1 + 3 +16)12 ’

which is the Hilbert series for SO(6) instanton on C?/Zy with K = (1,1) and N = 3.
SO(8) instanton: k= (1,1) and N =4
Using eq.(79) and unrefining we find that

H[k = (1,1),U(4),CP?|Z5](t,1,1,1,1,1) =
~ 1

(L= #3)12(1 +3)8(1 + 3 + 16)18
+1259t%1 + 1544t*™ + 1678t%° + palindrome + ... + t%9) ,

(1+ 2% + 1425 + 4417 + 123¢1% + 272t + 546¢'% + 886t +
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which is the Hilbert series for SO(8) instanton on C?/Zy with K = (1,1) and N =4.

We graphically summarize in fig[23] the relation between the NVS orthogonal instanton on
CP?/Z;y and its cousin on C2/Zs.

U(N) U(N)
) Ky =min(ky, k)
Al A2
U(ijl) 11 11
Aq

Figure 23: Relation between the CP?/Z, quiver gauge theory in the NVS case (on the left) and
the corresponding C?/Zy quiver gauge theory (on the right). Where Ls are two fields in the
antisymmetric conjugate representation of the gauge group U(2K;). While L, are two fields in
the antisymmetric representation of the gauge group of the gauge group U(2K1) (see [32] for more
details).

6.2.3 SO(N) instantons on CP?/Z;

In this case there is only one inequivalent choice of the orientifold action. We report in fig[24]
the quiver diagram of the corresponding field theory, while we summarize the fields and F-terms
transformations in table [l

U(N)
Ay
4 q2
B2 AL, A2
SO(N)) kY U(2k1) 12 U(2ks) 202 U(2ks)
- Q Bl @
it

Figure 24: Quiver diagram for SO(N) instantons on CP?/Zs.

The branch of the moduli space that can be identified with SO(N) instantons on CP?/Zs is
the one on which Al, =0 and S; = 0. The Hilbert series of the instanton branch corresponding to
a theory with flavor symmetry SO(N7) x U(N2) and gauge ranks k = (kq, ko, k3) is

H[kaFa(CPQ/Z?»](tal'v}’vd):fd.UUQk:l)(Z)[d.uU(2k2)(p)fd,uU(2k3)(W)X

(81)
PE[qut2 + Xq2t2 + Xq3t2 +Xp2,t+ XA%QtQ +Xp1t+ XA1t2 + X 4,0+ XAt - XF1t4 - Xp2t4] ,
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Fields U(2ky) U(2ks) U(2ks3) SO(Ny) U(Na) Ul), UQ1)
@ || (10,000 [0] [0] [L0..0]  [0] 0] 12
0 [0] [0] [1L,0,-.0]1 0 [0,.01), [0] 12
@ [0] (0,0, 1)1 [0] 0] [10,.0l.  [0] 12
B || (L0, 01 [0,.0,1], [0] [0] [0] 0] 1/4
43, [0] (10,00 [0,,0,1] [0] [0] 0] 12
Bly || [10,,0]n [0] (1,001 [0] [0] 0]  1/4
A 10.1,0,.,0) [0] [0] [0] [0] 0] 12
A, [0] [0,1,0,.,0] [0] [0] [0] Vo 14
44 [0] [0] [0.1,0,..00 | [0] [0] v 1/4
B (20,0 [0] [0] [0] [0] 0] 1
P [0] [0, 0,100 [10,0] [0] [0] 0] 1

Table 11: Transformations of the fields for SO(NV) instantons on CP?/Zs.

where z, p and w are the fugacities of the U(2k;), U(2ks) and U(2k3) gauge groups respectively,
while y denote the fugacity of the SO(N;) flavor group and d the fugacity of the U(N2) gauge
group. Finally z is the fugacity of the U(1), symmetry acting on Ay and Az. The contribution
of each field and of the F-terms are

2k 2ko 1 2ko 2k3 L 2k 2ks
XB%2 = Z Z ZaPp 5 XA%2 = Z Zpawb ) XBig = Z Z ZaWh, XFp = leasb§2k1 Za”b;
a=1b=1 a=1b=1 a=1b=1
N1/2
1
2k; > (yl + yj) N even, 2k3 No | 2k2 N2 N
_ i=1 _ - _ - .
Xq1_Z:Za>< (N1-1)/2 qu_zzwbdj y qu_zzpa d],
a=1 1+ 3 i+~ ) Ny odd b=1j=1 a=1j=1
Yit oy, ,
i=1 ‘
1.-1 1,-1,-1 L
X4, = lea<bs2k1 Fa %b 0 XA, = Zl£a<bs2k2 Pa Po ¥ 5 XAs = ZISa<b$2k:3 WoWpTs Xy = Z“;pa Wp -
a=1b=

By explicitly evaluating the Hilbert series with gauge group G = U(2k1) x U (2ks) x U (2k3) and
flavor group SO(Ny) x U(Nz) for the moduli space of instantons on CP?/Z3 we find it to be equal
to the Hilbert series for SO(N) instantons on C?/Z3 with gauge group G = Sp(K1) x U(2K2) and
flavor groups SO(N7) x U(N3) (see [32] for more details) with the identification

Kl :kl, K2 Zmin(k‘g,k‘?,). (82)

Supporting our claim, we show a few explicit examples.
SO(5) instanton: k= (1,1,1), and N =(3,1)
Using eq. and unrefing we find that

H[k = (17 171)aSO(3) x U(l)vCP2/ZSJ(t7 1,1, 1) =
1
T (L= t3)5(1+ 3)(1+19)2(1 + £5 + £9)

+30t2! + 33t** + palindrome + ... + t*%) |

S(L+2%+42% + 917 + 18417 + 25¢1% + 3315+

which is the Hilbert series for SO(5) instantons on C?/Z3 with N = (3,1) and K = (1,1).

SO(5) instanton: k= (1,1,1), and N = (1,2)
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Using eq. and unrefing we find that

1-2t% + 515 — 269 + 6¢12 — 2415 4+ 5¢18 — 921 4 424
Hlk = (t,1,1,1),SO(2)xU (1), CP?/Z5](,1,1,1) = - hl h hl

(=)0 (1+10)(1+ 265 + 200 + )2
which is the Hilbert series for SO(5) instantons on C?/Z3 with N = (1,2) and K = (1, 1).

We can as well graphically summarize the relation between the orthogonal instanton on CP?/Z3
and its cousin on C?/Zj as in fig.

A

q3
B2, m AL, A2,
SO(Ny) 4 U(2ky) 12 | U(2ks) 2 U(2ks)

S

o) —2(sp(iy)) (U(2K)) | U(V)

Figure 25: Relation between the quiver diagram for SO(N) instantons on CP?/Zsz and the quiver
diagram for SO(N) instantons on C?/Z3. Being D,, two fields transforming in the antisymmetric
representation of U(2K3) gauge group (see [32] for more details).

6.2.4 SO(N) instantons on CP?/Z, - VS

Starting from the theory for unitary instantons on CP?/Z, and applying the rules in [43, 44] we
obtain the theory for SO(N) instantons on CP?/Z, in the VS case. The corresponding quiver
diagram is reported in fig[26] while we summarize the transformations of the fields under the
different groups in table

The branch of the moduli space that can be identified with Sp(N) instantons on CP?/Z,
is the one on which A3, =0, A; = 0 and A3 = 0. The Hilbert series of the instanton branch
corresponding to the VS theory with flavor symmetry SO(N;) xU(N2) x SO(N3) and gauge ranks
k= (kl, kg, kg, k4) is

H[k,F,CP?|Z4](t,z,y,d,u) = f dpy (2k,)(2) f dpy (2k,) (P) f Ay (2kg) (W) %
f dpy (2k,) (V) X PE[Xq1t2 + Xq2t2 + qutz + X44t2 +Xpz,t+ XAgztz + Xz, b+ (83)
XBL,t+XBLt+ X,a;t2 +x At = Xmt -t - xRt

where z, p, w and v are the fugacities of the U(2ky), U(2kz), U(2k3) and U(2k4) gauge groups
respectively while y and d denote the fugacities of the SO(N;) flavor group ,of the U(Ns) flavor
group and of the SO(N3) flavor group respectively. The contributions of the various fields are

2ky 2ks kg 2k kg 2y

_ _1 _ -1 _ -1 o 11

XB2, = le;zapb . Xaz, = Zlbzlpawb . XB2, = Z“;wavb X = Srcacheon, Za 7t
a= = a= = a= =

a0

)
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B24

U(N2)
q2 As
A}y A3 B2,
SO(NY) q1 22 122 @ 23 U(2ks) q4 SO(Ns)
% /6
Al A4

Figure 26: Quiver diagram for VS orthogonal instantons on CP2/Z,.

Fields U(2ky) U(2ks) U (2ks) U (2k4) SO(Ny) U(N2) SO(N3) U(1)
Bi || [1,0,..,01,1  [0,..,0,1]51 [0] [0] [0] [0] (0] 1/4
A3 [0] (1,0..,0]s1  [0,...,0,1]:1 [0] [0] [0] [0] 1/2
B [0] [0] [1,0..,0]s1  [0,..,0,1]44 [0] [0] [0] 1/4
Ay [0,1,0...,0]2 [0] [0] [0] [0] [0] [0] 1/2
Ay [0] [0] [0] [0,1,0...,0]42 [0] [0] [0] 1/2
B [1,0,...,0] [0] [1,0,..,0]+1 [0] [0] [0] [0] 1/4
Bi, [0] [0,.,0,1]11 [0] [0,..,0,1]41 [0] [0] [0] 1/4
@ [1,0,...,0]41 [0] [0] [0] [1,0,....,0] [0] [0] 1/2
g3 [0] [0,..,0,1]1 [0] [0] [0] [1,0,...,0] [0] 1/2
72 [0] [0] [1,0,...,0]+1 [0] [0] [0,..,0,1]41 [0] 1/2
@ [0] [0] [0] [0,...,0,1]41 [0] [0] [1,0,..,0] 1/2
13 [2,0...,0].2 [0] [0] [0] [0] [0] [0] 1
Fy [0] [0,-,0,1)s1  [1,0,...,0]41 [0] [0] [0] [0] 1
B (0] (0] [0] [2,0,...,,0]-2 (0] (0] (0] 1

Table 12: Transformation of the fields for VS orthogonal instantons on CP?/Z,.

N1/2 1
2k; > (yi + E) Np even, N3 2ko ) 2ko 2ky L
_ =1 ’ — e - o
Xq1 = Z Za X (N1-1)/2 Xaz = Z Zd]pb v XB}l, = Z Zpa Uy
a=1 1+ 3 (yz+yi) N, odd, j=1b=1 a=1b=1
=1 °
Ns/2 .
2%, 2ks 2%; No 2%,y > (yz + ;) N3 even,
_ _ -1 _ -1 i=1 ’
XBY, = D0 D Zalh; X = ), Zwadi v Xaa = D V4 X (N3-1)/2
a=1b=1 a=11i=1 a=1 1+ Z (yz + l) NS Odd,
i=1 yi
2ko 2ks 1 1 1
XA, = Zl§a<b§2k4 VaVp, XF, = leagbs%l Za®by XF» = 21 bzlpa Wy, XF3 = Zlgagbs2k4 Vg Vp -
a=1 b=

By computing the Hilbert series with gauge group G = U(2k1) x U (2k2) x U (2ks) x U (2k4) and
flavor group SO(N1) x U(N3) x SO(N3) we find that it turns out to be equal to the Hilbert series
for SO(N) instantons on C?/Z4 with gauge group G = Sp(K1) x U(2K3) x Sp(K3) and flavor
groups SO(N1) x U(N2) x SO(N3) (see [32] for more details) with the identification

K1 :kh ngmin(kg,kg), K3:k4. (84)
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Let us now show a few explicit examples.
SO(6) instanton: k= (1,1,1,1), and N =(2,0,4)
Using eq. and unrefing we find that

H[k = (1’ 1,1, 1)7SO(2) X 80(4)7CP2/Z4:|(t717 1) =
14485+ 226" + 36¢"° + 5487 + 36¢%° + 22470 + 4472 + 118
- (1-13)8(1 +13)8(1 +16)4 ’

which is the Hilbert series for SO(6) instantons on C?/Z, with N = (2,0,4) and K = (1,1, 1).
SO(6) instanton: k= (1,1,1,1), and N =(2,1,2)
Using eq. and unrefing we find that

H[k=(1,1,1,1),50(2) x U(1) x SO(2),CP?/Z,](t,1,1,1) =
1

T (-1 +3) (1 +16)2(1 + 13 + 16)12(1 + 13 + 16 + 19 + £12)

33t1° + 51t + 69t2! + 93t** + 11027 + 120t%° + 110> + palindrome + ... + %),

(L+63+3t5 + 7t + 1812+

which is the Hilbert series for SO(6) instantons on C?/Z, with N = (2,1,2) and K = (1,1, 1).

Finally, we summarize in fig[27) the relation between the theory describing VS orthogonal in-
stantons on CP?/Z, and its cousin on C?/Z,.

6.2.5 SO(N) instantons on CP?/Z, - NVS

Let us now consider the second possibility leading to the NVS case. The quiver diagram of the
corresponding theory is reported in fig[28] while the transformations of the fields and of the F-terms
are summarized in table [[3]

Fields U(2ky) U(2k2) U(2k3) U(2ky) U(Ny) U(N3) U(1)
A3 | [1,0,.,00  [0,..,0,1] [0] [0] [0] [0] 1/2
B [0] [1,0,..,0]s1  [0,...,0,1]11 (0] [0] [0] 1/4
A3y [0] [0] (1,0,..,0l,1  [0,...,0,1]4 [0] [0] 1/2
Bi [0,.,0,1]1 [0] [0] [1,0,...,0] [0] (0] 1/4
Ay [0,1,0,...,0]2 [0] [0] [0] [0] [0] 1/4
Ay [0] [0,1,0,...,0]+2 [0] [0] [0] (0] 1/4
A [0] [0] [0,1,0,...,0]2 [0] [0] [0] 1/4
Ay [0] [0] [0] [0,1,0,...,0]42 (0] [0] 1/4
¢ [0] [1,0,...,0]+1 [0] (0] [0,...,0,1]:1 [0] 1/2
72 [0,.,0,1]1 [0] [0] (0] [1,0,....0]41 [0] 1/2
@ [0] [0] [0] [1,0,...,0].1 (0] [0,..,0,1],1  1/2
@ [0] [0] [0,..,0,1] 41 [0] [0] [1,0,...,0],,  1/2
B [0,..,0,1]s1  [1,0,...,0]s4 [0] (0] (0] [0] 1
F [0] [0] [0,-,0,1]51  [1,0,..,0]41 [0] [0] 1

Table 13: Transformation of the fields for NVS orthogonal instantons on CP?/Z;.

The branch of the moduli space that can be identified with SO(N) instantons on CP?/Zy is
the one on which A}; =0 and A}; = 0. The Hilbert series of the instanton branch corresponding
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Figure 27: Relation between the CP?/Z, quiver gauge theory in the VS case and its relation with
the corresponding C?/Z, quiver gauge theory.

U(N1) U(N2)

Al A2 B2. ALy A2,
U2k 1 A1 23 U (2ks) 33 433 U (2ks)

U(2kz)

Bg,
Figure 28: Quiver diagram for NVS orthogonal instantons on CP?/Z.
to the NVS theory with flavor symmetry U(N7) x U(N2) and gauge ranks k = (kq, ko, k3, kq) is

H[k, F,CP?|Z4](t,z,y,d) = f dpur(2ky) (2) f dpu (2k,) (P) f Ay (2k,) (W) x
f dpy 2k, (V) X PE[xq, 12 + Xgut? + Xgst> + Xagut> + Xpz,t+ XA§1t2 + XA%gtz-t- (85)

4 4
XBézt'*'XAlt+XA2t++XA3t+XA4t_XF1t - XF,t ],
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where z, p, w and v are the fugacities of the U(2ky), U(2kz), U(2k3) and U(2k4) gauge groups
respectively while y and d denote the fugacities of the U(Ny) flavor group and the U(Nz) flavor
group respectively. The contributions of the various fields are given by

2%s Ny
XA, = lea<bs2k3 walwyt, XA, = Zlga<b52k4 Valby Xaq1 = 21 Z;payi_l,
s
2%y 2k4
XBj, = azl bZ; w2y, XA, = ZISa<bs2k1 Za s XA = ZlSa<bs2k2 PaPo
2% Ny 2%k4 No 2ks No 2%; 2ks
Xaz = 20 D020 Uir Xas = 2 2 Vady s Xgs = 20 2w dj, XE = D > Pezg s
a=1i=1 a=1j=1 a=1j=1 a=1b=1
2%; 2ks ks 2k ks 2k4 ks 2ks
XAz, = Z Z Zapgla XBZ, = Z Zpawglv XAz, = Z Zwavl:17 XFy = Z nglvb-
a=1b=1 a=1b=1 a=1b=1 a=1b=1

Performing the computation of the Hilbert series with gauge group G = U(2k1) x U(2ks) x
U(2k3) x U(2k4) and flavour group U(Ny) x U(N3) we find that it coincides with the Hilbert
series for SO(N) instantons on C?/Z, with gauge group G = U(2K;) x U(2K>) and flavor groups
U(Ny) x U(N3) (see [32] for more details) with the identification

K1 :min(kl,kg), K2 :min(kg,,k4). (86)

Let us show an explicit example of our claim.
SO(6) instanton: k= (1,1,1,1), and N =(2,1)
Using eq. and unrefining we obtain

Hlk=(1,1,1,1),U(2) xU(1),CP?/Z4] (t,1,1,1) =

1
T (1-t3)8(1+t3)S(1+6)3(1+13 +16)3(1L + 3 + 16 + 19 + ¢12)2
+ 5412 + 1144 + 219618 + 371421 + 582424 + 82727 + 109230 + 132333 + 1493130 +
+ 15483 + 1493t*? + palindrome + t7%)

(1+3t%+ 915 + 22t°+

which is the Hilbert series for SO(6) instantons on C?/Z, with N = (2,1) and K = (1,1).

Finally, we graphically summarize the relation between the theory describing the NVS orthog-
onal instantons on CP?/Z4 and its cousin on C?/Zy4 in ﬁg

6.2.6 SO(N) instantons on CP?/Z, with n >4

Let us now consider the generic case of instantons on Z,, orbifolds of CP? with n > 4. Based on
the previous examples above, we can extract the generic pattern of both the quiver as well as the
relation between the orthogonal instanton on CP?/Z,, with its relative on C?/Z,,.

Recall that N is the sum of the ranks of the flavor groups in the ADHM quiver, while the
ranks of the gauge groups is related to instanton number and, together with the relative flavor
ranks, to other possible quantum numbers labelling the instanton. Unfortunately also in this case
the precise identification between quiver data and instanton data is not know.

SO(N) instantons on CP?/Zy,,;
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U(Ny) U(N2)
a2 [ 0a a3
Ky =min(ky, ka) Ky = min(ks, kq)
2

)

U(V,

Figure 29: Relation between the CP?/Z, quiver gauge theory in the NVS case and the correspond-
ing C?/Z4 quiver gauge theory. Where D;, Dy are two fields in the antisymmetric representation
of the gauge group U(2K), while Ly, L, are two fields in the antisymmetric representation of the
gauge group U(2K5).

Elaborating on the previous examples, we conjecture that the theory describing orthogonal in-
stantons on CP? /Zon+1 is related to its counterpart on C? /72141 as in ﬁg Moreover, the gauge
ranks are related by

Kl = kl, KQ = min(kg,kg), Kg = min(k4, k5), Kn+1 = min(k'gn, k2n+1) . (87)
SO(N) instantons on CP?/Zy,- VS

In this case, based on the lowest n examples, the relation between the theory describing VS
instantons on CP? /Z2,, and their VS counterparts on C? [Zay, is summarized in ﬁg In addition,
we find the gauge rank identification
Kl = ]{31, K2 = min(kg,kg), Kn—l = min(kgn_g, an—l)y Kn = k’gn . (88)
SO(N) instantons on CP?/Zy,- NVS
Elaborating on the previous examples, we conjecture that the theory describing NVS orthog-

onal instantons on CP?/Zs,,; is related to its NVS counterpart on C?/Zs,.1 as in ﬁg In
addition, the gauge rank assignation is

Kl = min(kl, kQ), K2 = min(kg,k4), Kn = min(kgn,l,kgn) . (89)

Note that, as in the symplectic case, the “merging nodes” are those going over to unitary nodes in
the parent C?/Z,, theory. It would be very interesting to deeper understand this feature, as well
as the topological data classifying orthogonal instantons.
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7 Conclusions

In this paper we have analyzed and clarified several aspects of the moduli space of instantons
on CP?. First, we explicitly spelled in which context the instanton configurations arising from
the ADHM-like construction on CP? are relevant. Then, by using master space techniques, we
explored from a physical perspective the topological properties of the instanton moduli space to
which the Hilbert series alone is blind. In the particular case of unitary instantons, an AdS/CFT
approach is feasible, finding perfect agreement between gauge theory and gravity computations.
Moreover, this can be regarded as a non-trivial check of the alluded AdS/CFT pair, as it is sensible
in particular to non-protected scaling dimensions of operators in A/ = 2 theories. We also provided
the construction of instantons on orbifolds of CP?. While their topological classification is not
fully understood, by using our master space approach we are able to provide conjectures on the
identification of quantum numbers and quiver data.

Since CP? is a Kihler manifold, its Kéhler form naturally induces an orientation which, in
particular, intrinsically distinguishes ASD and SD 2-forms. This is very relevant for the construc-
tion of gauge bundles whose curvature has definite duality properties, as such construction will be
different depending on whether we are interested in the SD or ASD case. In this paper we have
been interested on SD connections, whose physical relevance in a suitably constructed gauge the-
ory we have shown. In turn, these are the ones which admit an ADHM-like construction recently
embedded into a 3d N = 2 gauge theory arising from a brane construction in [15].

Since CP? is a topologically non-trivial manifold, the gauge bundles of interest are classified
by more than simply the instanton number. Indeed, they admit a non-zero first Chern class.
As a consequence, the moduli space of instantons on CP? typically has compact submanifolds
associated to these extra directions. In turn, the Hilbert series of the moduli space —that is, the
generating function of holomorphic functions on the instanton moduli space or, equivalently, the
generating function of gauge-invariant operators in the ADHM description of the instanton moduli
space—, which coincides with the Nekrasov instanton partition function and it’s therefore a very
interesting quantity; is not sensible to these compact directions. Hence, in retrospect, it is natural
to expect that it would coincide with the Hilbert series for a parent instanton on C2, as it was
explicitly shown in [I5]. In this paper we have provided evidence of this picture by probing the
compact directions upon using a novel approach. Focusing on the simplest case admitting such
directions, and following [23], we considered the master space of the gauge theory describing these
instantons. This amounts to ungauging a U(1), which allows to construct extra gauge-invariants
otherwise not present. These precisely reproduce a moduli space which is a complex cone over
the non-compact directions. By using this strategy we have been able to understand the extra
directions in the unitary and orthogonal cases. In turn, the case of symplectic instantons does
not admit a similar construction, consistent with the observation in [I5] that it does not involve
quantum numbers other than the instanton number. Note however that we explicitly checked
this picture for the lowest instanton numbers. It would be worth exploring this new approach
further to all instanton numbers, including studying the geometry of the moduli space with extra
directions, which is not simply a direct product of the non-compact times the compact directions
(this can be easily checked already in the simplest cases by studying the relations among operators
in the moduli space).

The case of unitary instantons is particularly interesting, as its AHDM construction is in terms
of the gauge theory dual to M2 branes probing a certain CYy cone [29]. Hence, it is natural to
guess that, at least partially, the instanton moduli space can be read from the AdS/CFT duality.
Typically, fundamental degrees of freedom —that is, open string-like- are not captured by the
geometry alone in AdS/CFT. Hence, it is natural to expect that the backgrounds in [29] can only
capture the part of the instanton moduli space which does not involve fundamental fields. We
have explicitly checked this proposal, finding a complete agreement between field theory results
and gravity computations. Turning things around, we can think of our results as a non-trivial
check of the proposed AdS4/CFT3 duality in [29], where we explicitly match charges in field theory
with geometrical data in AdS.

The ambient manifold where our instantons live is CP?, which is in particular a toric man-
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ifold. Being acted by a T2, it is natural to consider quotienting by a discrete subgroup —that
is, orbifolding—. In turn, by means of the standard methods we can orbifold the CP? ADHM
construction as a field theory to find the ADHM construction of instantons on CP?/Z,,. This way
we have constructed the ADHM construction for unitary, symplectic and orthogonal instantons
on CP?/Z,. Note that the orbifolded space has a non-trivial topology containing 2-cycles of a
somewhat different origin. On one hand we originally had a 2-cycle in the CP? which gets mir-
rored by the orbifold. On the other hand, the orbifold introduces extra (vanishing) 2-cycles at
the orbifold fixed point. It is natural to expect that the cycles originating from the original one
in CP? are invisible to the Hilbert series —just as the original one was— while the others, intro-
duced by the orbifold, are indeed visible. In fact, it is natural to guess that the Hilbert series for
instantons on CP?/Z,, coincides with the Hilbert series of a parent instanton on C?/Z, just as in
the unorbifolded case. Note that, consistently, the Hilbert series of instantons on C?/Z,, is indeed
sensible to the 2-cycles associated to the orbifold fixed point [32]. |E| In this paper we have indeed
confirmed this picture, in particular by explicitly showing the matching of the CP?/Z,, Hilbert
series with that of a parent C2/Z, one. As shown in the text, the process suggests a certain
“folding” of the CP?/Z,, quiver by “node merging” into that of C?/Z,. In fact, since at least
for unitary instantons on C?/Z,, the matching between quiver data and instanton data is known,
this naturally suggests, at least partially, an identification of the quiver data with the instanton
data in the CP?/Z, case. Unfortunately, the full identification with the ADHM quiver data of
the relevant quantum numbers specifying instantons on the orbifolded CP? space is not known.
Nevertheless we have provided —at least for the case of unitary instantons— certain conjectures
based on the mapping into C?/Z,, based in particular in our approach via the master space to
all directions in the moduli space. As a check, the expected compact directions can be recovered
upon appropriate ungaugings of U(1)’s. Of course, a more comprehensive study of these aspects
would be very interesting.

A Hybrid configuration (an example)

In this appendix we study an example of hybrid configuration, making the following choice for the
charges of the orientifolds plane in ﬁg (I,11,II1,IV) =(+,-,+,-). The corresponding quiver
is reported in fig[30] while the transformations of the fields are summarized in table

Al A2
A U(k) WL U(ks) Sy

Sl A2

Figure 30: Quiver diagram for instantons of the hybrid configuration on CP?/Zs.

128trictly speaking, this applies to unitary instantons. The case of orthogonal and symplectic instantons is more
involved, as the ADHM construction does not allow for enough FI parameters so as to blow-up all cycles (see [45]
for related discussions).

o7



Fields U(ky) U(ks) U(N) Ul), U, U(1)
S [2,0,...,0] 2 (0] (0] 1/s [0] 1/4
S, [0] [2,0,...,0].2 [0] s [0] 1/4
Ay [0,1,0...,0] 4 [0] [0] [0] 1/a  1/4
A, [0] [0,1,0,...,0]41 (0] [0] a 1/4
A% [1,0,..,0]41  [0,0,...,1]41 [0] [0] [0] 1/2

q (0] [1,0,...,0]s1 || [0,...,0,1],1  [O] [0] 1/2
Q [0,...,0,1]41 [0 [1,0,...,0],1  [0] [0] 1/2
F [0,..,0,1]s1  [1,0,...,0]41 [0] [0] 0] 1

Table 14: Transformations of the fields for instantons of the hybrid configuration on CP?/Zs.

The Hilbert series of the hybrid configuration is given by

H[k,RCPQ/Zﬂ(taa,S,Y):fdMU(kl)(Z)fdMU(k2)(P)x
PE[X§1t+X52t+XA”175+XA275+XA’;‘1752+XQt2+th2—XFt4]7

where z and p are the fugacities of the U(k1) and U(kz) gauge groups respectively, y denote the
fugacity of the U(N) flavor group, s denote the fugacity of the global U(1), symmetry acting Sy
and Sy, while a denote the fugacity of the global U(1), symmetry acting on A; and Ay. The
contribution of each field is given by

(90)

k1 ko N kp N ko k1 ko
XAz, = 20 2 ZaDy s XQ =D D Za Ui Xa = 2 2 PbYy s XF =2 9 % Db
a=1b=1 1=1a=1 j=1b=1 a=1b=1

1 1
_ .o = -1_-1 _ ot -1 -1
XSz =8 ZISaSbgkz DaPb, X3, = s Zlgagbgkl Za Rp > XA =@ Zl£a<b§k2 DaPbs X4, = a Zl<a<b§k1 “a *b

In this case, by explicit computation of the Hilbert series for the hybrid configuration with
gauge group G = U(k1) x U (k) and flavor group U(N) we find it to be equal to the Hilbert series
for the SA hybrid configuration on C?/Z, with gauge group G = U(K}) (see [32] for more details).
The two theories share the same flavor group and the gauge groups are related in the following
way

Kl :Hlin(kl,kg). (91)

Let us explicitly show a few examples supporting our claim
k=(1,1),and N =1

Using eq. and unrefining we find that

1_t18

H[k=(1,1),U(1),CP?/Z](t,1,1) = (1—16)(1—9)2"

which is the Hilbert series for the SA hybrid configuration on C?/Zy with N =1 and K; = 1.
k=(1,1), and N =2

Using eq. and unrefining we find that

1+2t5 + 449 + 2412 4 ¢18
(1-13)4(1 +2t3 + 2t6 +19)2

H[k = (1,1),U(2),CP?/Z5](t,1,1) =

which is the Hilbert series for the SA hybrid configuration on C2/Z2 with N =2 and K7 =1.
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k=(1,2), and N =2

Using eq. and unrefining we find that

1+2t5 +4¢9 4 2¢12 4 418
(1—#3)2(1 +2t3 + 216 + 19)2

H[k = (1,2),U(2),CP?/Z5](t,1,1) =

which is again the Hilbert series for the SA hybrid configuration on C2/Zy with N =2 and K = 1.
k=(1,1), and N =3

Using eq. and unrefining we find that

1+¢% + 6t + 15¢% + 21412 + 18¢1° + 21418 + 15621 + 624 + 427 +¢30

Hlk=(1,1),U(3),CP?/Z](t,1,1) = L BY1+B) (1B 1) ;

which is the Hilbert series for the SA hybrid configuration on C?/Zy with N =3 and K; = 1.
k=(1,2),and N =3

Using eq. and unrefining we find that

1+t +6t° +15¢% + 21412 + 18¢1° + 21¢18 + 15621 + 6624 + ¢27 + ¢30
(1-t3)6(1+3)4(1 +¢3 +16)3 '

H[k = (1,1),U(3),CP?/Z5](t,1,1) =

which is again the Hilbert series for the SA hybrid configuration on C2/Zy with N =3 and K = 1.
k=(1,1), and N =4
Using eq. and unrefining we find that

Hlk=(1,1),U(4),CP?/Z5](t,1,1) =
C1+26% +13t% + 4067 + 86¢"2 + 13215 + 194¢'8 + 220¢2! + 194¢>* + palindrome + t*2
- (1—13)8(1 +3)6(1 + 3 + 6)4 ’

which is the Hilbert series for the SA hybrid configuration on C2/Zy with N =4 and K; = 1.
k=(2,2),and N =1

Using eq. and unrefining we find that

1—¢3 4+ 29 — 15 4 ¢18

2
H[k: (272))U(1)?CP /ZQ](t517171) = (1 _t3)4(1 +t3)2(1 +t3 +t6 +t9 +t12) ’

which is the Hilbert series for the SA hybrid configuration on C2/Z2 with N =1 and K7 =2.

B Quivers and relations for Sp(/N) and SO(N) instantons
on CP?/Z, with n >4

In this appendix we collect the quiver diagrams for Sp(N) and SO(N) instantons on CP2/Z,
(with n > 4) showing their relations with the corresponding quiver diagrams of the corresponding
C?/Z,, theory.
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\

Ko =min(kz, ks3) ~
> (U(K2)] . | U(N)

v

K3 =min(ky, ks) -
UKs)] | | UNs)

> (U]~ 1 U(N)

]
K, = min(kay-1, kan-2)
U(Nn-1)
.
T
U(N) = Illill(k?271+1, k2n) ;)
—

Figure 31: Relation between the quiver diagram for Sp(NV) instantons on CP?/Z3;.1 (on the left)
and the quiver diagram for Sp(NN) instantons on C?/Zs,,.1 (on the right). Where D; and Dy are
two fields in the symmetric representation of the gauge group U(K,11).
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Ky = min(ko, k3)

(K

K3 =min(kq, k5)

12
N\

> (UKL “

Kp—3 = min(kop-3, kan-1) N

K1 = min(ko,-1,kan-2)
>

Figure 32: Relation between the quiver diagram for VS Sp(NN) instantons on CP?/Zs, (on the
left) and the quiver diagram for VS Sp(IN) instantons on C?/Zs,, (on the right).
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Ky =min(ki, k)

=]

A

Ko =min(ks, ks) - <
U

> (vt [ v |

e
V) K,y = min(kon—3, kon—2) S
—
min(k2y,-1, kan
von) EEHD NG
L

Figure 33: Relation between the quiver diagram for NVS Sp(N) instantons on CP?/Zy, (on the
left) and the quiver diagram for NVS Sp(V) instantons on C?/Zs,, (on the right). Where D; and
Dy are two fields in the symmetric representation of the gauge group U(K7), while D3 and Dy

are two fields in the symmetric representation of the gauge group U(K,,).
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KQ = mil’l(k}z, k‘g)

A
>

h

U(Nn-1)

i

h

U(N»)

i

”

K3 = min(kyq, ks5) >
> (veks) —

Ky =min(kon-1,k2n-2)
A,
K|z min(kani1, ko)
>

B

Figure 34: Relation between the quiver diagram for SO(N) instantons on CP?/Zsy,1 (on the left)
and the quiver diagram for SO(N) instantons on C?/Zg,,,;1 (on the right). Where L; and Ly are
two fields in the antisymmetric representation of the gauge group U(2K,,+1)-
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K = min(ks, k3)

K3 = min(ky, ks \ :I
3 (s, ks) ::) G(ZKS) U(Ns)

K2 = min(ko,-3, kan-a) |

K1 = min(kap_1, kon—
Lo minh s b)) {‘”‘W
J

Figure 35: Relation between the quiver diagram for VS SO(N) instantons on CP?/Zs,, (on the
left) and the quiver diagram for VS SO(N) instantons on C?/Zy,, (on the right).
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K’] = ll’lil’l(k‘l 5 k‘g)

Ky =min(ks, ky)

A

”

L

Kyo1 = min(kon-3, k2n-2)
>

U(Nn-1)

y

|

U(Nn)

Figure 36: Relation between the quiver diagram for NVS SO(N) instantons on CP?/Zy,, (on the
left) and the quiver diagram for NVS SO(N) instantons on C2/Z,, (on the right). Where L; and
Ly are two fields in the antisymmetric representation of the gauge group U(2K), while L3 and

> @Kz) L

Ly are two fields in the antisymmetric representation of the gauge group U(2K,,).
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